Math 332.E (Measure Theor y) Quiz IV December 14, 2016

Name and Last Name: Student Number:

1. (a) Consider the set N together with the set function
a(U) = Z x
xcU

Show that «v is 2 measure on N.

Solution: Since every element of N is positive, it is clear that a(U) > 0 for every U C
N. We need to show that « is countably additive. So, assume {U,, },en is a countable
disjoint family of subsets of N, i.e. U,, N U,,, = () whenever n # m. By removing empty
sets from the family, we can assume U,, # () for every n. But then, we either have a finite
family {U,, }2°_ or an infinite family {U,, }>°_, with |U,,| > 0 foreveryn > 0. Itis easy
to see that o is finitely additive since

a(nLNJOUn> = > xziZmzia(Un)

IEUQJ:O U, n=0 zcU, n=0

In case the family is infinite we have co = a (|J;~, Uy,) and

o0 N N
Za(Un) = ILm Za(Un) > li_>m Zl =00
n=0 n=0 n=0

(b) Now, we consider the cartesian product N X N together with the product measure o ® a.
Calculate the product measure (o ® «)(A) of the set

A= {(1’ 2)’ (272)7 (173)’ (2’ 3)7 (373)}

Solution: We have

(a®a)(A) =) (a®a)({(a,0)})

(a,b)eA

= Y (a®a)({a} x {b})

(a,b)eA

= Y a({aha({p})

(a,b)eA

S e

(a,b)eA
=1-24+2-241-34+2-34+3-3=24
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2. Let Q = {(x,y) € R*|x € [-1,1],y € [—x, 2] N Q} and calculate

/Q [z + yld(p ® p)

Solution: We know that
Q, = {(aab) € Q’a = $} = [_:CV%] nQ

and therefore £4(€2,) = 0 since €2, is countable for every x € [—1, 1]. Then
0< /Q |+ yld(p ® p) :/[—m / |z + yldp(y)dp(z)
On the other hand |z + y| < 2forevery (z,y) € Qand
o< [edwons [ [ o =2 [ @it =0

ie. [l +yld(p®p) =0.
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