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1. (40 points) Give a definition of the following terms:

(a) A is a σ-algebra on a setX .

(b) µ is a measure on a measurable space (X,A).
(c) µ is an outer measure on a measurable space (X,A).
(d) f : X → Y is a measurable function from a measurable space (X,A) to another measurable

space (Y,B).
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2. (20 points) AssumeX is a set. Recall that for every Y ⊆ X we defined

χY (a) =

{
1 if a ∈ Y
0 if a /∈ Y

(a) Show that χY · χZ = χY ∩Z for every Y, Z ⊆ X .

Solution: We can see that (χY · χZ)(x) = 1 only when both χY (x) = 1 and χZ(x) = 1.
This means (χY · χZ)(x) = (χY ∩Z(x) for every x ∈ X .

(b) Show thatmax(χY , χZ) = χY ∪Z for every Y, Z ⊆ X .

Solution: We see thatmax(χY , χZ)(x) = 0 only when χY (x) = 0 and χZ(x) = 0. This
meansmax(χY , χZ)(x) = χY ∪Z(x) for every x ∈ X .

3. (30 points) Assume (X,A) is a σ-algebra and let Y ⊆ X be an arbitrary subset. Show that the
family of sets

B := {U ∩ Y | U ∈ A}
is a σ-algebra on Y .

Solution:

i) Since ∅ ∈ Awe see that ∅∩Y = ∅ ∈ B. Also, sinceX ∈ Awe also haveX ∩Y = Y ∈ B.

ii) If U, V ∈ B then there are U ′, V ′ ∈ A such that

U = U ′ ∩ Y and V ′ = V ∩ Y

Then U ′ \ V ′ ∈ A sinceA is an algebra. But then

U \ V =U ∩ V c = (U ′ ∩ Y ) ∩ (V ′ ∩ Y )c

=(U ′ ∩ Y ) ∩ ((V ′)c ∪ Y c) = (U ′ ∩ (V ′)c ∩ Y ) ∪ (U ′ ∩ Y ∩ Y c)

=(U ′ \ V ′) ∩ Y

is in B since U ′ \ V ′ is inA.

iii) Assume we have a countable family of subsets {Ui}i∈N in B. Then by definition there is
another family of subsets {U ′i}i∈N inA such that Ui = U ′i ∩ Y . SinceA is a σ-algebra we
get that

⋃
i∈N U

′
i ∈ A. Then we also see that⋃

i∈N

Ui =
⋃
i∈N

U ′i ∩ Y = Y ∩
⋃
i∈N

U ′i

is also in B.
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4. (35 points) Let (X,A) be a measurable space. Let η : A → [0,∞) be a set function such that

i) η(∅) = 0

ii) η(X) <∞
iii) for all U ⊆ V inAwe have η(U) ≤ η(V ) ≤ η(U) + η(V \ U)

Let us define

η∗(Z) = inf

{∑
i

η(Ui) :
∞⋃
i=0

Ui ⊇ Z

}
for everyZ ⊆ X .
(a) Show that η(U) = η∗(U) for every U ∈ A.

Solution: One can see that η(A ∪ B) ≤ η(A) + η(B) whenever A ∩ B = ∅ by setting
V = A∪B andU = A. In caseA∩B 6= ∅ the inequality still holds sinceB ⊆ (A∪B)\A
and η is monotone. This proves η is finitely subadditive. Then given any cover U ⊆

⋃
i Ui

we get

η(U) ≤
∑
i

η(Ui)

whichmeans η(U) ≤ η∗(U)On the other handU as a singleton family is a cover ofU since
U ∈ A. Thus η∗(U) ≤ η(U)which proves η∗(U) = η(U).

(b) Show that η∗ is an outer measure onX .

Solution: Weknow that η(∅) = 0. The fact that η ismonotone is also given. Wemust show
that η is countably subadditive. TakeE ⊆ X and take a countable coverE ⊆

⋃
nEn. Fix

an ε > 0. Then for every n ≥ 0, there is a countable cover
⋃∞

r=0 Fn,r ⊇ En inA such that

η∗(En) ≤
∞∑
r=0

η(Fn,r) < η∗(En) +
ε

2n

Since we have
∞⋃
n=0

∞⋃
r=0

Fn,r ⊇
∞⋃
n=0

En

we get

η∗

(
∞⋃
n=0

En

)
≤ η

(
∞⋃
n=0

∞⋃
r=0

Fn,r

)
≤

∞∑
n=0

∞∑
r=0

η(Fn,r) ≤
∞∑
n=0

η∗(En) +
ε

2n
= ε+

∞∑
n=0

η∗(En)

using the fact that η is monotone. Since ε > 0was arbitrary, we get that

η∗

(
∞⋃
n=0

En

)
≤

∞∑
n=0

η∗(En)
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5. (35 points) Let us define

fn(x) =

{
x− 1

n
if 0 ≤ x ≤ 1− 1

n

0 otherwise

(a) Calculate the pointwise limit f(x) = limn→∞ fn(x).

Solution: The pointwise limit is

f(x) =

{
x if 0 ≤ x < 1

0 otherwise

(b) We would like to calculate the Lebesgue integral
∫
R fdµ. However, as you might recall, it is not

easy to say

lim
n→∞

∫
R
fndµ =

∫
R
lim
n→∞

fndµ

State which theorem we can use to safely say that the equality above holds. Explain why we can
use that specific theorem.

Solution: We can use both Dominated Convergence Theorem (DCT) andMonotone Con-
vergence Theorem (MCT). We can use MCT because fn(x) ≤ fn+1(x) for every x ∈ R.
We can use DCT because fn(x) ≤ χ[0,1) andχ[0,1) is a measurable and integrable function.
One can replace χ[0,1) with f(x) or any other measurable integrable function g(x) as long
as fn(x) ≤ g(x) for every x ∈ R.

(c) Calculate
∫
R fdµ.

Solution: We can see that
∫
R fdµ =

∫
[0,1)

xdµ. Since f(x) = x is a continuous function,
its Lebesgue integral and Riemann integral are the same. Then∫

R
fdµ =

∫
[0,1)

xdµ =

∫ 1

0

xdx

Then by the Fundamental Theorem of Calculus we get∫ 1

0

xdx =
x2

2

∣∣∣∣1
0

=
1

2
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6. (40 points) ConsiderX = {1, 2, . . . , 100} together with the largest σ-algebra 2X onX . Define

η(U) = |U | and µ(U) =

{
1 if 1 ∈ U
0 otherwise

Let us also define f(n) = (−1)n.

(a) Calculate
∫
X

fdη

Solution: First, splitX into two pieces

E = {2n| n = 1, 2, . . . , 50} and O = {2n− 1| n = 1, 2, . . . , 50}

where E contains the even numbers inX while O contains the odd numbers inX . Then
we can see that

η(E) = |E| = |O| = η(O) = 50

Moreover, ∫
X

fdη =

∫
E

fdη +

∫
O

fdη =

∫
E

(−1)dη +
∫
O

(+1)dη

=(−1)η(E) + (+1)η(O) = −50 + 50 = 0

(b) Calculate
∫
X

fdµ

Solution: Again, we splitX into two pieces. This time

P = {1} and Q = {2, 3, . . . , 100}

Then ∫
X

fdµ =

∫
P

fdµ+

∫
Q

fdµ

=

∫
P

fdµ+

∫
Q∩E

fdµ+

∫
Q∩O

fdµ

=(−1)µ({1}) + (+1)µ(Q ∩ E) + (−1)µ(Q ∩ E)
=− 1 + 0 + 0 = −1

(c) Define g(n,m) = f(n+m) and calculate
∫
X×X

g d(η ⊗ µ).
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Solution: We have ∫
X×X

g d(η ⊗ µ) =
∫
X×X

(−1)n+md(η ⊗ µ)

By Fubini’s Theorem we can calculate the integral over the product measure as an iterated
double integral∫

X

∫
X

(−1)n+mdη(n)dµ(m) =

∫
X

∫
X

(−1)n+mdµ(m)dη(n)

However, since (−1)n+m = (−1)n(−1)m we get∫
X

∫
X

(−1)n+mdη(n)dµ(m) =

∫
X

(−1)m
∫
X

(−1)ndη(n)dµ(m)

=

∫
X

(−1)m · 0 dµ(m) = 0

from part (a).
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