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1. (40 points) Give a definition of the following terms:
(a) Aisao-algebraonaset X.

(b) g isameasure on a measurable space (X, A).

)
(c) pisan outer measure on a measurable space (X, A).
)
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(d) f: X — Y is a measurable function from a measurable space (X, .A) to another measurable

space (Y, B).
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2. (20 points) Assume X is a set. Recall that for every Y C X we defined

(a) = 1 ifaeY
=1, ifa ¢y

(a) Show that xy - x; = Xyny foreveryY, Z C X.

Solution: We can see that (xy - xz)(z) = 1 only when both xy (z) = 1and x4 (z) = 1.
This means (xy - Xz)(%) = (Xynz(®) foreveryx € X.

(b) Show that max(xy, xz) = Xyyuyz foreveryY, Z C X.

Solution: We see that max(xy, Xz)(x) = 0 only when xy (z) = 0and x4 (z) = 0. This
means max(xy, Xz)(z) = xyyz(x) forevery x € X.

3. (30 points) Assume (X, A) is a o-algebra and let Y C X be an arbitrary subset. Show that the
family of sets

B:={UNnY|U e A}

isa o-algebraonY.

Solution:

i) Since ) € Aweseethat )NY = () € B. Also,since X € Awealsohave XNY =Y € B.
ii) IfU,V € Bthen thereare U’, V' € A such that

U=U'NY and V'=VnNY
Then U’ \ V' € Asince A is an algebra. But then

uv\vV=Unve=UnNnY)n{V'ny)*
=U'NY)N((VHYUY ) =U NV NnY)ulU'Nny Ny
=U'\V')nY
isin Bsince U" \ V'isin A.
iii) Assume we have a countable family of subsets {U; };en in B. Then by definition there is

another family of subsets {U/ };cy in A such that U; = U/ N'Y. Since A is a 0-algebra we
get that | ;. U/ € A. Then we also see that

Uuvi=uiny=ynJu
ieN 1eN ieN

isalsoin 3.
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4. (35 points) Let (X, A) be a measurable space. Let77: A — [0, 00) be a set function such that
i) n(@) =0
i) n(X) < o0
iii) forallU C Vin Awehaven(U) < n(V) <n(U) +n(V \U)

Let us define

:inf{Zn(Ui): GUi ) Z}

forevery Z C X.
(a) Show thatn(U) = n*(U) forevery U € A.

Solution: One can see that (A U B) < n(A) + n(B) whenever AN B = () by setting

V = AUBandU = A.Incase ANB # () the inequality still holds since B C (AUB)\ A
and 7 is monotone. This proves 7 is finitely subadditive. Then given any cover U C | J, U;

Weget
U)SZ??(U)

which means7(U) <

n
U € A. Thus n*(U) < n(U) which proves n*(U) = n(U).

*(U) On the other hand U as a singleton family is a cover of U since

Show that n* is an outer measure on X.

Solution: Weknow that7(f)) = 0. The fact that 7 is monotone is also given. We must show
that ) is countably subadditive. Take &/ C X and take a countable cover £ C Un FE,,. Fix
an € > 0. Then for every n > 0, there is a countable cover U:io F, ., D E, in Asuch that

N*(En) <> n(Fny) <0 (En) + 52

2n

Since we have

UUFmQUE

n=0r=0
Weget

n*<gEn><n<UUFM><ZZn L Si +_

n=0r=0 n=0 r=0

using the fact that 77 is monotone. Since € > 0 was arbitrary, we get that

" (U En) <Y (e

n=0
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5. (35 points) Let us define

r—L fo<zr<i1-1

0 otherwise

(a) Calculate the pointwise limit f(z) = lim,,_ fu(2).

Solution: The pointwise limit is

fx) =

0 otherwise

{x fo<z<l1

(b) We would like to calculate the Lebesgue integral fR fdp. However, as you might recall, it is not
easy to say

lim fndp:/ lim f,du
R Rn—>oo

n—o0

State which theorem we can use to safely say that the equality above holds. Explain why we can
use that specific theorem.

Solution: We can use both Dominated Convergence Theorem (DCT) and Monotone Con-
vergence Theorem (MCT). We can use MCT because f,(z) < fn+1(2) forevery z € R.
We can use DCT because f,, () < X[o,1) and Xo,1) is a measurable and integrable function.
One can replace X[o,1) with f(x) or any other measurable integrable function g(z) as long
as fn(x) < g(z) forevery z € R.

(c) Calculate fR fdu.

Solution: We can see that fR fdu = f[o N xdp. Since f(x) = x is a continuous function,
its Lebesgue integral and Riemann integral are the same. Then

1
/fdu:/ xd,u:/ xdx
R [0,1) 0

Then by the Fundamental Theorem of Calculus we get

1 2
/ xdr = r
0 2

1

0
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6. (40 points) Consider X = {1,2,...,100} together with the largest o-algebra 2% on X. Define

1 ifleU

0 otherwise

n(U) = [U| and Maj)::{

Let us also define f(n) = (—1)™.

(a) Calculate / fdn
X

Solution: First, split X into two pieces
E={|n=12,...,50} and O={2n—1|n=1,2,...,50}

where I contains the even numbers in X while O contains the odd numbers in X. Then
we can see that

Moreover,

/fm /Mmj?@—/ m+LHmm

—1)n(E) + (+1)n(0) = =50 + 50 = 0

(b) Calculate / fdu
X

Solution: Again, we split X into two pieces. This time

P={1} and Q=1{2,3,...,100}

LﬂMzLﬂw+Aﬂw

:/fw+ fau+ [ fdp
P QNE QnO

=(—Dp({1}) + (+FHQ N E) + (-1)u(Q N E)
=—1404+0=—1

Then

(c) Define g(n,m) = f(n + m) and calculate / gd(n® p).
XxX
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Solution: We have

| sdnen = [ urrane s

By Fubini’s Theorem we can calculate the integral over the product measure as an iterated
double integral

/ / 1y mdn(n / / 1) g (m)dig(n)

However, since (—1)"*" = (—1)"(—1)" we get

|| vrman [ [ aydnnydum)
/ )™ - 0du(m) =0

><:

from part (a).
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