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CHAPTER 13:

Kernel Machines
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Kernel Machines

Discriminant-based: No need to estimate densities first
Define the discriminant in terms of support vectors

The use of kernel functions, application-specific measures of
similarity

No need to represent instances as vectors

Convex optimization problems with a unique solution

# google scholar results with “support vector machine”
39800, 26700, 26400 in 2014, 2013, 2012 respectively
MLP/neural network 17200,16600,16700

Bayesian network: 7500, 9050, 9250
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~~Optimal Separating Hyperplane

+1 ifx'eC
X ={Xt,r’} where ' = - 1
: | i

find w and w, such that

w x +w, z+1 forr’ =+1
wx' +w, <-1forr' =-1
which can be rewritten as

I’t(WTXt +wo) >+1

(Cortes and Vapnik, 1995; Vapnik, 1995)



"~ “Review: Lagrange Multipliers

X" = argminf(X)
X

subjectto h;(x) =0,Vi=1,..,m

subjectto g;(x) <0,Vi=1,..,n

x* = argmin L(X, 4, ¢) = argmin f(x) + 2 Aihi(X) + z U:8:(X),

=1 i=1



Review: Karush-Kuhn-Tucker:Conditions
(needed when we have inequality constraints)

e Stationarity

Vif®) + Y Vidibi(X) + Y p1;Vxg;(x) = 0 (minimization)

i=1 =1

e Equality constraints
Vi) + Y, Vidiki(®) + Y 1;V8:(x) = 0
i=1 i=1

¢ Inequality constraints a.k.a. complementary slackness condition
ﬂlgl(x) - 0, Vl - 1, -

u; 20,Vi=1,..,n



“~Margin

® Distance from the discriminant to the closest instances on
either side

e Distance of x to the hyperplane is ‘WTXt + WO‘

Wl
® We require rt(

® For a unique sol'n, fix p| |w]| |=1, and to max margin

min %Hw”z subject to rt(wat + WO)Z +1,Vt
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min —HWH subject tor (W X +WO) = +1,Vt

N
L= Il - e[ (st 4w, )-1]
2 =
N
—lHWHZ a'r (w X' +w )+ a'
2 = =
N
- —w=VYarx
oW t=1




\/
[ = %(WTW)— w' E a‘r'x' -w, E a‘r' + E o
t t t
—%(WTW)+ Zat
= _%Z Zatasrtrs(xt )T X° + Z a'

subject to Eatrt =0and ' =0,Vt
t

C 1. T T
minimize  5X° (X 4 ¢” X.

: A ; subjectto | <
Solve using quadratic programming ’ Ax<b

Most af are 0 and only a small number have a!>0; they are
the support vectors
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~~Soft Margin Hyperplane

2_

® Not linearly separable L@
rt (WTXt i WO )2 1 i gt 15-
+
1_
® Soft error
Egt 1.5
t 1
* New primal is % 5 2

_ku v E - @l (W w145 ]S wig
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ify'r' =1

. Bty 0
Hinge Loss  "=V'")=3 it otherwise

9
8
7
6
-
I
~-_ 5
S
‘» 4
»
o
3k _ hinge loss
2 4444 (':I'OSS e"r!'!_ropy~ ~o ~o
L
0/loss  [TTEmel
-2 -1 0 1 2
t
Y
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v-SVM

e 1 )
min EHWH _VP+N25
subject to

rt(WTxt+w )>,0—§t E'=0,0=0

L = ——EEatasrtrs( )

tls

subject to

Eap iy t l t
Ear =00=<o sN,za <v

v controls the fraction of support vectors
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1.6
O Class 1
*  Cl
14k Class2
SVM
o o
sparse SVM
1.2 s} 7
o
(o} oo * /
o)
0.8} o° ° * *
/ #* *
o b4 . *
06
.
*y
-
04F p
Vi *
Vo
0.2 L

1 1 1 1 1
-0.8 -0.6 -04 -0.2 0 2 04 0.6

n

min,,, ¥._, hinge(label; - (x; m—b)) + Ag||mll;

the I1 term drives small coefficients to zero
http://cvxr.com/tfocs/demos/sparsesvm/
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® Preprocess input x by basis functions

z = p(x)

® The SVM solution

g(z)=w'z
g(x)=w' ¢(x)

W= Eatrtzt = Eatrt(p(xt)
t t

glx)=w'olx)= ¥ a'r
g(x)= Y a'r'

o(x' ) o(x)

K(xt,x)

“Kernel Trick
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“~Vectorial Kernels

® Polynomials of degree q: .|

K(xt,x)= (XTXt + l)q

0.5¢

K(x,y)=(x"y +1f
= (lel T X)), +1)2

o

=14+2x,y, +2X,¥, +2X,X,),Y, + xfyf + X,V

P(x)= [1, VOx Ox NDxx X ,xj]r

0.5 1 1.5 2

(]
o
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“~Vectorial Kernels
(

, a)_s =
e Radial-basis functions:
1
.
K(xt,x)=eXp = HXZSzXH 0
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Defining kernels

® Kernel “engineering”
® Defining good measures of similarity
e String kernels, graph kernels, image kernels, ...

® Empirical kernel map: Define a set of templates m; and
score function s(x,m)

Pxt)=[s(xt,m,), s(xt,m,),..., s(x’,m,,)]
and

Kx,x")=¢ (x)" ¢ (x)
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““Multiple Kernel Learning

e Fixed kernel combination ( cK(x,y)
K(x,y)=1K (x,y)+K,(x,y)
y)

K, (x,y K, (x,

® Adaptive kernel comblnatlon
K(x,y)= EnK X,y)

Learn o s and

2 —20{ ——Ezaarr 277, ,(X X) kernel weights

g(x) = Ea E’Z-K,-(X ,x) from data
t i

® | ocalized kernel combination

g(x) = E a'r' 2 7. (x|6)K. (xt , x)
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Multiclass Kernel Machines

e 1-vs-all
® Pairwise separation
® Error-Correcting Output Codes (section 17.5)

e Single multiclass optimization

[ .
min EZHW'H +C22<§‘f
subject to

N At t . t t
W X +W, =W, X +W, +2-§,Vi=z,5 =0

zt: class index
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“~SVM for Regression

® Use a linear model (possibly kernelized)
fx)=w'x+w,
® Use the e-sensitive error function

eg(ft,f(xt))={0 if‘rt‘f(xt}q

r _f(xtl— ¢ otherwise

o min%HWH2 +CZ(§£ +§f)
rt _(WTX+WO)S€+§:
(WTX+WO)—rt -

£ ,E =0
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- Kernel Regression

® Polynomial kernel ® Gaussian kernel

3.5r

2.5

3..

2

150

(@)s?=5

23



P

One-Class Kernel Machines

® Consider a sphere with center a and radius R

min R +C ) &'
2
subject to

X' —aHsR2 +&,8' =20

L= E a' (xt )T X° — i E a'a’r'r’
t

t=1 s

subject to
O<a'<C, ) a =1
2

1.5f

0.5r

2_

1-




(a) s% = 1 (a) s =0.1

1.5} 1.5¢

0.5/ 0.5/
% 1 > 9% 1
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Prernel Dimensionality Reduction

e Kernel PCA does
PCA on the kernel
matrix (equal to
canonical PCA with
a linear kernel)

e Kernel LDA

(a) Quadratic kernel in the x space

-0.5 0 0.5

095 1 105 1.1 115
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