Lecture 9

LLaminar Diffusion Flame Configurations
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Different Flame Geometries and Single Droplet Burning

Solutions for the velocities and the mixture fraction fields for some typical
laminar flame configurations.

Based on the assumption of fast chemistry we will then be able to calculate the
flame contour defined by the condition Z(x,t) = Z,.

We will for simplicity always assume Le =1 and ¢, = const.

15t example: the flame stagnation point boundary layer (similar to the
counterflow flow of the previous lecture but with different boundary conditions).

2nd example : vertical laminar 2D jet diffusion flame without/with buoyancy

3'd example : combustion of a single droplet surrounded by a diffusion flame.
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Diffusion Flames in a Stagnation Point Boundary Layer:
The Tsuji Flame

sinter metal
Gaseous fuel from a sinter metal tube tube \
Is injected into the surrounding air

which flows vertically upwards. \

Below the tube a stagnation point

IS formed. stagnation
point

This burner is known as the Tsuji burr

If the Reynolds number based on the
cylinder radius and the free stream velocity is large, the flow field may be split
Into an inviscid outer flow and a boundary layer close to the surface.
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The potential flow solution for the flow around a cylinder then yields the velocity
gradient at the stagnation point

2V00 sinter metal
a = R tube \
\\\\
AR
AN

where v, is the velocity \

very far from the cylinder. N

The free-stream velocities at stagnation

point

the edge of the boundary layer
are
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If the kinematic viscosity Is small, the boundary layer thickness 6 Is proportional to
the viscous length

Ve .
v —\/— I
[ \/: smtetru ?eeta \
where v, is the kinematic viscosity N
at the edge of the boundary layer. \\

In case the boundary layer thickness

Is thin compared to the cylinder radi  sagnation
] point
the curvature of the cylinder surface

may be neglected and the boundary
may be treated as two-dimensional

allowing the usage of a Cartesian coordinate system.
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Governing equations for the boundary layer flow

continuity o(pu) n O(pu) _
ox oy

momentum

mixture fraction

07 07 0/ 02\
N2 4 ey — _{ nn—\
FYa 1 FY o o \F" q

ox oy oy \ oy /

Bernoulli's equation for the pressure gradient at the boundary layer edge

due dp >
Pele — ———| — pPe@ X

dx _dx e
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Boundary conditions

: 0Z
u=0, my = (p)w, (PD)w—| =mw(Zwy—1) at y=0
8y w

and
u:am,Z:O at Yy — OQ.
Here u = 0 is the symmetry condition at the surface.

The mass flow rate m,, of fuel issuing through the porous metal into the boundary
layer is imposed.

|
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The boundary condition for the mixture fraction equation represents the integrated
mixture fraction balance at the surface of the porous metal by assuming that the

mixture fraction gradient within the metal is zero.

The continuity equation is satisfied by introducing the stream function y such that

Introducing the similarity variable
Y
n= ()" [
4 Pe

a non-dimensional stream function f (n) is defined as

Y

f(n) = oot Jave
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The velocities are

A3 pe  (df\21d
dn? [p kdn) dnk
de __d/Cdz

dn o dn(SC dn)
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Since v changes with temperature as T/ and p as T4, this quantity changes less than
the viscosity itself in a flow with strong heat release.

The boundary conditions for the similar solution are

(pv)w

_ ¢ dz
(Pga’/e)l/

— = 1-7 at =0
SC dn lw Jw( ) n

Jw =

I
27 f_07

f/(oo) =1 for n— o0
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The mixture fraction equation may be transformed into

" (sean) ==

% Scdn C
which can formally be solved as
_ . 1(n) —I(o0)
2T (o)
where
n n
o [ ScC / [ fSc .\
I(n) = | exp( — [ ~5-dn)dn
0 (7 \ 0 (% /
The mixture fraction at the surface is given by
Ty = — fwl(o0)
1 — fuwl(oco)
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This indicates that the mixture fraction varies between Z = 0 and Z = Z, rather than
between 0 and 1.

The boundary condition for the fuel and oxidizer fractions satisfy the
Burke-Schumann solution at Z,, as may easily be shown.

The boundary condition for the temperature at the surface is to be imposed

atZ=2,.

If the mass flow rate at the surface is increased and f,, takes large negative values,
the mixture fraction at the surface tends towards unity.
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This is the limit of a counter-flow diffusion flame detached from the surface.

The equations

dn? o [p k n) Jdn\ 772)
dz  d/CdZ
_fa o dn(SCdn)

have been solved numerically using the Burke-Schumann solution for combustion
of methane in air

T(7) = T (7)) 4+ QrefYF,1,7 AP
b\Z) Ly\4& ) T / 4, 4 X ZLgt,
cpveWE
QrefY 05,2

T,(2) = Tu(Z) + (1-2) Z2>Zg

pyo WO2

with Z, = 0.055, T, = 300 K and T, = T,(Z,) = 2263 K.
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Profiles of u=ax, v

| ] | | | |
T T T T T T T T

fuel CH ,

ul(ax) ]
strain rate = 100/s 5

v [m/s]
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Profilesof Z, T
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Profiles of p =p,and C

fuel CH‘4

strain rate = 100/s
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The Round Laminar Diffusion Flame
Fuel enters into the combustion chamber
as a round jet, either laminar or turbulent.
flame length
To provide an understanding of the Zxr)=Z,
basic properties of jet diffusion flames,

we will consider here the easiest case,
the axisymmetric jet flame without buoyancy. ,,
\

air Z=0
Uy t r,ov
ACtRLRARARANY

This will enable us to determine *o
the flame length. l

IS rsrsrsssi TT]T

_virtual origin

fuel Z=1
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The flame length is defined as the distance
from the nozzle to the point on the
centerline of the flame where for the
mixture fraction Z=Z.

We consider a fuel jet issuing from
a nozzle with diameter d and exit velocity
U, Into quiescent air.

The indices 0 and «o denote conditions
at the nozzle and in the ambient air.

flame length
Zxry=~2,

air Z=0
', Uy t r,ov
ACtRLRARARANY

\ SIS rrrrrssi TT]T
X »
l _virtual origin
UA-”
fuel Z=1
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Using the boundary layer assumption with constant pressure we obtain a system
of two-dimensional axisymmetric equations, in terms of the axial coordinate x and

the radial coordinate r:

continuity

d(pur) n d(pvr) —0
ox or

momentum in X direction

ou n ou 0 ( 811,)
ur— ur = r
P ox p or or H or
mixture fraction
A n YA 0 ( W 0Z )
ur— vr = r
P oz p or or\Sc Or

Schmidt number is defined as Sc = v/D.
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The dimensionality of the problem may be reduced by introducing the similarity

transformation

/ rdr, &=z -+ x,
0

3
Mlﬁl

which contains a density transformation defining the density weighted radial

coordinate.

The new axial coordinate & starts from the virtual origin of the jet located at x = -x

Introducing a stream function by

oY oY

ur = —, pur = ———
P or P ox

we can satisfy the continuity equation.
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The convective terms in the momentum equation and in the equation for the
mixture fraction may be expressed using the transformation rules
o 9  Ond & _anod

oe — oc T owoy’ or oron

which leads to

pur— + pUT o= =

UL v

9 9 an(awa awa)

For the diffusive terms one obtains

Q( ,ﬁ) _ @Q(C ﬁ)
or K or — fee g

Chapman-Rubesin-parameter C = -

oo [ prdr

N g

0
For constant density with u = u_ one obtains C = 1.
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The axial and radial velocity components may now be expressed in terms of the
nondimensional stream function F(€,n) defined by

Y= poo§ F(E,m)
as
OF
_ 9y Hoo _ or . oF
u= e PUr= uoo(ﬁag-l-F 87777)

For the mixture fraction the ansatz

Z = Zcr (&) w(n)

Is introduced, where Z, stands for the mixture fraction on the centerline.
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For a jet into still air a similarity solution exists if the nondimensional stream

function F and Chapman Rubesin parameter C are no function of &.
Then one obtains the ordinary differential equations, valid in the similarity

d (FdF) d (g, 9 (1 dF)
_ il = “|op—(===
dn\n dn dn dn\n dn

d d
_d—n(Fw) - dn(

region of the jet:

C dw)
Scndn '

To derive an analytical solution we must assume that C is a constant in the
entire jet. The solution is:

/7 N\ O
fkn)=:1_+
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The axial velocity profile then is obtained from

d

dn Hoo

RY:
as

SN2, s 1 \ 2
P

£ (1 + (yn/2)?

with the jet spreading parameter

2 _ 3" Re? pg
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The jet spreading parameter

IS obtained from the requirement of integral momentum conservation along the
axial direction:

o0
/quTd’P = pou%d2/8
0

Here p, Is the density of the fuel and Re = p_ u, d / p, is the Reynolds number.
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Similarly, conservation of the mixture fraction integral across the jet yields the

mixture fraction on the centerline

such that the mixture fraction profile is given by

(1 4+ 2Sc)dRe pg ( \256
§ 32 pocC)\1 + (yn/2)</

Z =

From this equation the flame length L can be calculated by setting Z = Z, at x = L,

r=0 L4z _ (14+25¢) po uod
d  32-Zg pocC v

This shows that the flame length of a laminar round jet increases linearly with
Increasing exit velocity u,.
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Single Droplet Combustion

In many practical applications liquid fuel is injected into the combustion chamber
resulting in a fuel spray.

By the combined action of aerodynamical shear, strain, and surface tension the
liquid spray will decompose into a large number of single droplets of
different diameters.

The fuel will then evaporate and a non-homogeneous fuel air mixture will be
formed in the flow field surrounding the droplets.
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When the spray is ignited, the droplets will burn either as a cloud surrounded by a
enveloping flame or as single droplets, each being surrounded by its own diffusion
flame.

The former will the case if the fuel air mixture between different droplets is fuel
rich such that the surface of stoichiometric mixture will surround the droplet cloud.

We will consider here the latter case, where the surface of stoichiometric mixture
surrounds the single droplet.

We will furthermore consider very small droplets which follow the flow very
closely and assume that the velocity difference between the droplet and the
surrounding fuel is zero.
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Therefore we may consider the case of a spherically symmetric droplet in a quiescent
surrounding.

We assume the evaporation and combustion process as quasi-steady and can therefore
use the steady state

. d
continuity E(TQ‘W) —0
i i dz 1d dz
mixture fraction P <,,42 p D_>
dr r2d r
temperature

dT _ 1.d/,AdT\ , Q

79 p—

pudr_r_zd'r\ cpd'r/ ' pr

In these equations r is the radial coordinate, and v is the flow velocity in radial
direction.
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Here again Le =1 leading to . = p ¢, D and a one step reaction with fast chemistry
will be assumed.

The reaction rate o is then a d-function at the flame surface located at Z = Z.

~

Expected temperature and
mixture fraction profiles Z
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The boundary conditions at the droplet surface r = R are obtained by integrating the
balance equations once in radial direction.

Since temperature and concentration gradients within the droplet are assumed
negligible, the convective flux through the surface equals the diffusive flux in the
gas phase at the droplet surface.

The convective heat flux through the boundary involves a change of enthalpy,
namely the enthalpy of evaporation h, .

Therefore dT
r=R: A—‘ = (pv)Rrhyp,
dr R

Here (pv)y, Is the convective mass flux through the surface.
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The mixture fraction of the convective flux involves the difference between the
mixture fraction within the droplet, which is unity by definition, and that in the
gas phase at the droplet surface, where Z = Z,.

This leads to

dz
r=R: pD>Z| = (pv)r(Zg — 1)
dr IR

The boundary conditions in the surrounding air are

\J
3

~
|
N
|
@)

~
N
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In addition, we assume that the temperature T at the droplet surface is equal to
the boiling temperature of the liquid T =T,.

Then the temperature equation must satisfy three boundary conditions.
This leads to an eigenvalue problem for the mass burning rate
m = 47TR2(p’l))R

of the droplet which thereby can be determined.
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Integration of the continuity equation leads to
pur? = R?(pv) g

We will now introduce the nondimensional coordinate

OO’U
n = /Bexo(—C)dr

where
0. @) . oo
N [V mo o[, o1
(= | —dr=— [ (pDr=) ~dr
> J D Ar ) ™ ’
T T
Between 1 and ( there is the relation
d dn/dr
n_ dnjdr_ exp(—¢)
d¢  d¢/dr
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dn _ dn/dr

a¢ — acjar — PO

may be integrated with the boundary conditions atr — co: =0, 1 =0 to yield

n=1—exp(—()

andatr=R
nr = 1 — exp(—CR).
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Transformation of

~ r7
Uz

1 dy I VAN dl 1.d /> Aadl , @
pv— = ——|(r°pD—| , pr— = 55— (r"——— | +—w
dr r<dr \ dr/ dr redr\ cpdr/ cp

with their boundary conditions leads to

3

|
3
oy

N — 00 !

3
|

R -

d2z

—— =0

dn2
(?7}?,—1)%:4}?,

n

Z =0,
( 1)dT_ hr
77 d - Cp7
T: ~
- = Z
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The solution of the mixture fraction equation with its boundary condition is readily

seen to be

This and the scalar dissipation rate defined here as

2 2

77\ 7 A an\
w —onl( PN A M)
X— <« —/—— | — <« /|
\dar/ \dar/
IS introduced into the temperature equation.
xd*T _ Q
_—_ = ——Ww
Poaz2 ~ "¢,
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This equation
xd*T _ Q

EdZ2 - Cp

compares to the flamelet equation derived in the previous lecture

If steady state, negligible heat loss, and one-step chemistry are assumed.

— The one-dimensional droplet combustion problem satisfies the laminar flamelet
assumptions exactly.
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Here we want again consider the Burke-Schumann-solution

') I VA
TW(Z) = Tu(Z2)+ 5122, Z<Zy,
up:/l:vv |':
N RN Qrefyvn 2/ ‘
1W(2) = Tu2)+—F—=1—-2) Z2>Zy
CPVOQW-z
Then, in the fuel rich region between T
r=Randr=r. we have g
Yo,2@
T(Z) =To+ Z(Ty — To) + —= (1-2).
ch02W02
Here T, is by definition the temperature at Z = 1, R ¥ g

problem.
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We know, however, from the boundary conditions

. 1 \dT h m m
n=nr: 0-1)—=-—=, Tr=T1]
dn o
the slope and the value at Z = Z, where
Yo,2@Q
Ty, =Ts + Zp(Ty — To) + —= (1 - Zg)
Introducing this and
\/_ N
T(7ZY =T~ 4+ Z(T7 —T-) + 02,2 (1 _ 7\
Lt \~) — 1L ZTu\l L+2) T \+ )

Into the boundary condition above one obtains

=T, ——
Cp
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T, is a hypothetical temperature corresponding to the fuel if one considers the
droplet as a point source of gaseous fuel.

The heat of vaporization then decreases the temperature of the liquid fuel by the
amount h, /c,.

It should be used in flamelet calculations if one wishes to calculate flamelet
profiles in the range 0 < Z < 1 rather than 0 < Z < Z...
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The boundary condition

dT” h
n=nr: M-1)-—=-L TpR=1y
dn Cp
may also be used with
Yo,2@Q
T(Z) =T+ Z(T1 — T2) + — 2225 (1 - 2).
cpu02W02

and
nr =1 —exp(—(R)

to calculate the non-dimensional mass burning rate

|
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From this, the mass burning rate may be determined using

o0 NG @)

v m 2N—1
Ydr=""[(pD dr.
/D 47r/<pr) "

We will introduce radially averaged properties

to obtain

m = 4rpDR(R
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Now it is possible to determine the time needed to burn a droplet with
Initial radius Ryat time t = 0.

The droplet mass is
m = 47rpLR3/3

where p, is the density of the liquid.
Its negative time rate of change equals the mass loss due to the mass burning rate

dR
T Arpp R2E = g
dt TPLT "4y m

Introducing 1 = 4rpDR( € Obtains with constant mean properities by

separation of variables

dt = ——"L_RdR, t= R2 — R2
CrpD
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Integrating of . oL

from R = R, to R = 0 one obtains the
burnout time

RP
R/R,

where d = 2 R, is the
Initial droplet diameter.

This is called the d-law of
droplet combustion. 0 |

0 [,

It represents a very good first approximation tor the droplet combustion time and
has often be confirmed by experiments.
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Finally, we want to calculate the radial position of the surrounding flame.

Evaluating . —0)
n=1—exp(—

ForZ=7Z,=n,oneobtains 1— Z; = exp(—Cs),

: 2 _ p2 — [ Y4, =" 2y—1
where with  pvr? = R%(pv)p  and ¢ /Ddr 47T/(pD'r’) dr.

fo— m
T 4rpDrg
Here o
.
D)1= R/
(pD) Dr2
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If (pD)~ 1—R/

are assumed equal one may use

to determine the flame radius as

For sufficiently small values of Z  the denominator may be approximated by

>
<
N

m = 4rpDR(R

CR

o ln(l _ Zst)

Z, itself showing that ratio ry / R may take quite large values.

|
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Exercise

Determine the non-dimensional mass burning rate and r / R for a Diesel fuel
where

hr/cp = 160K, T, = 560K, Th = 800 K

and
Tet — Tu(Zs) = 2000K, Zy = 0.036
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Solution

Using the Burke-Schumann solution the non-dimensional mass burning rate may be
written as

1> =17, + (Tst - Tu(Zst))/(]- - Zst)

= 2.74
hr/cp

Cr=In|14

The ratio of the flame radius to the droplet radius is then

@%75
R
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Exercise

Compare the evaporation rate for the same droplet as in the previous problem to
that of the mass burning rate.

Solution

The non-dimensional evaporation rate of a droplet may be obtained in a similar way
as
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It follows from

Vdanl m o\ x5 ~ /. 1/ X7
cp(T2 —11) + Y0, 2@ /v, W
(r=In(1+4" ~0227/70, 7 02
\ hr /
In the limit Q = 0, therefore
T, —T
Cp=In (1+u) = 0.916
hr/cp

The combustion rate is approximately three times faster than the evaporation rate.
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