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Instead of using tangents as the boundary conditions, we could also use two additional points
on the curve. Thus the boundary conditions are specified by four points on the curve. Four
points also have a total of 12 degrees of freedom. These alternative boundary conditions are
shown in the following Figure. 

p γ1 p1 γ2 p2 γ3 p3 γ4 p4 γ1 (4)

i are new blending functions that

can be determined in terms of the
algebraic coefficients (1) and (2).
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Thus, the geometric information of a cubic spline database consists of the set of the data
points (P0, P1, P2, P3, . . . Pn-1) and the two end tangent vectors (P'0, P'n-1).

Interpolation Curve:
If we have m-1 segments on cubic spline defined by P0 . . . Pm-1 points.

a) if the end point tangents are known
b) and the second derivatives at P0 . . . Pm-1 end points are equal to 0,

this curve is named as Natural Cubic Spline.
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Calculate the P1 and P2 tangent vectors of the curve

defined by the following interpolation points.
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TANGENT OF A CURVE : u uu uu u u p p0 p1 p2 p3 T p0

p u( ) p
0

1 u( )
3

 p
1

3 u 1 u( )
2

 p
2

3 u
2

 1 u( ) p
3

u
3

 p p' u( )
u

p u( )d

d
 p

p' u( ) 3 p3 u
2

 3 p2 u
2

 3 p0 u 1( )
2

 3 p1 u 1( )
2

 3 p1 u 2 u 2( ) 6 p2 u u 1( )

Control Points : n 10 i 0 n u
i

i

n
 p

0

1

1

6











 p
1

7

6

4











 p
2

2

4

19











 p
3

8

8

10













P stack p
0
T p

1
T p

2
T p

3
T





Px P 0  Py P 1  Pz P 2 

P u( ) p
0

1 u( )
3

 p
1

3 u 1 u( )
2

 p
2

3 u
2

 1 u( ) p
3

u
3



x
i

P u
i 0 y

i
P u

i 1 z
i

P u
i 2

P' u( ) 3 p
0

 1 u( )
2

 3 p
1

 1 u( )
2

 6 p
1

 u 1 u( ) 6 p
2

 u 1 u( ) 3 p
2

 u
2

 3 p
3

 u
2



PP' u( ) stack P u( )T P u( ) 3
P' u( )

P' u( )






T










 u 0.6 X PP' u( ) 0  Y PP' u( ) 1  Z PP' u( ) 2 

x y z( ) X Y Z( ) Px Py Pz( )

u
i

i

n
 X

2 i PP' u
i  0 



0

 X
2 i 1 PP' u

i  0 



1



Y
2 i PP' u

i  1 



0

 Y
2 i 1 PP' u

i  1 



1



Z
2 i PP' u

i  2 



0

 Z
2 i 1 PP' u

i  2 



1



x y z( ) X Y Z( ) Px Py Pz( )



Bezier Curve by using Hermite curve
definition: 
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Bezier Curve by using Hermite curve
definition: 
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curve parameters and indexes : n 10 i 0 n u
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Home Work 2 :
Drive this Bezier
Curve polinom for 5
and 6 points
interpolation. 
Due date: Oct. 31,
2002 Thursday
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interpolation with three cubic b-spline curve : Composite Curves
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CONVERSION BETWEEN REPRESENTATIONS :
Hermite Bezier B-Spline 
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p0

1

1

1











 p1

3

6

12











 p2

5

8

9











 p3

8

8

10











 P stack p0
T p1

T p2
T p3

T



 P

1

3

5

8

1

6

8

8

1

12

9

10













p u( ) p0 1 u( )
3

 p1 3 u 1 u( )
2

 p2 3 u
2

 1 u( ) p3 u
3

 u uuu uuu u u

x

y

z











p u( ) simplify

u
3

6 u 1

u
3

9 u
2

 15 u 1

18 u
3

 42 u
2

 33 u 1













 u

x

y

z












x x

y

z











2.827

4.717

7.606













Given

x u
3

6 u 1=

y u
3

9 u
2

 15 u 1=

z 18 u
3

 42 u
2

 33 u 1=

u Find u( ) 0.3 u 0.3

2.827

4.717

7.606











1

1

18

0

9

42

6

15

33

1

1

1











u
3

u
2

u

1















2.827
u3

u2

u

1











1

1

18

0

9

42

6

15

33

1

1

1











1
2.827

4.717

7.606













1

u uuu uuu u u x 2.827

x u
3

6 u 1=

p u( ) u
3

6 u 1 x

v p u( ) coeffs u

1.827

6

0

1











 rx polyroots v( ) rx

0.15 2.463i

0.15 2.463i

0.3













p u( ) u
3

9 u
2

 15 u 1 y



v p u( ) coeffs u

3.717

15

9

1











 ry polyroots v( ) ry

0.3

1.794

6.906













p u( ) 18 u
3

 42 u
2

 33 u 1 z

v p u( ) coeffs u

6.606

33

42

18











 rz polyroots v( ) rz

0.3

1.017 0.436i

1.017 0.436i













u u 0

j 0

i 0

u if rx
j

ry
i

= ry
i

 0 

k 0

v 0

v if rx
j

rz
k

= rz
k

 0 

k k 1

u 0( ) v 0=( ) k 2( )while

i i 1

u v

u 0= i 2while

j j 1

u 0= j 2while

u



Inverse-Point Solution : u uu u u p p0 p1 p2 p3 T

p u( ) p
0

1 u( )
3

 p
1

3 u 1 u( )
2

 p
2

3 u
2

 1 u( ) p
3

u
3

 p' u( )
u

p u( )d

d


Control Points :

n 10 i 0 n u
i

i

n
 p0

1

1

6











 p1

7

6

4











 p2

2

4

19











 p3

8

8

10











 q

2

4

19













P stack p0
T p1

T p2
T p3

T



 Px P 0  Py P 1  Pz P 2 

u uu u u
P u( ) p0 1 u( )

3
 p1 3 u 1 u( )

2
 p2 3 u

2
 1 u( ) p3 u

3


P u( )

8 u
3

 21 u u 1( )
2

 6 u
2

 u 1( ) u 1( )
3



8 u
3

 18 u u 1( )
2

 12 u
2

 u 1( ) u 1( )
3



10 u
3

 12 u u 1( )
2

 57 u
2

 u 1( ) 6 u 1( )
3

















P' u( ) 3 p0 1 u( )
2

 3 p1 1 u( )
2

 6 p1 u 1 u( ) 6 p2 u 1 u( ) 3 p2 u
2

 3 p3 u
2





u
i

i

n
 x

i
P u

i 0 y
i

P u
i 1 z

i
P u

i 2 u 0.71932

PP' u( ) stack qT P u( )T P u( ) 3
P' u( )

P' u( )






T










 X PP' u( ) 0  Y PP' u( ) 1  Z PP' u( ) 2 

x y z( ) X Y Z( ) Px Py Pz( )

P u( )

5.061

5.762

12.813











 q

2

4

19













P u( ) q( ) P' u( ) 0.000214

u uuu uuu u u u u erase u
parameter
for symbolic
calculation. P u( ) q( ) P' u( ) 0=

u P u( ) q( ) P' u( ) 0= solve u Union Union ImageSet V4 i _x _x intersect ℝ RootOf _z1
5

_z1
4

V4 i
2575

1167



























u




