Parametric Cubic Curves
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curve parameters and indexes : n=10 i=0.n u:= -
n
Fi(u) = 2-u3 - 3-u2 +1 F; are called the blending functions. F, has the

3 5 maximum influence on the curve shape near the start, F,
Fy(u) = -2-u” + 3-u near the end, and F5, F,, exertinfluence only in between

F3(u) = u3 - z.uz +u the end points.

Fy(u) = u3 - u2
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Instead of using tangents as the boundary conditions, we could also use two additional points
on the curve. Thus the boundary conditions are specified by four points on the curve. Four
points also have a total of 12 degrees of freedom. These alternative boundary conditions are
shown in the following Figure.
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y; are new blending functions that

can be determined in terms of the
algebraic coefficients (1) and (2).
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p"(u) == d—zp(u) p"(u) —» PO-(12-u — 6) — P1-(12-u — 6) + P'1-(6:u — 2) + P'0:(6-u — 4)
du

For curvature continuity between the first two segments, we can write
p"(ul = 1) = p"(U2 = o) Py Py ... P Py P The above equation is for

n—1 n—1 . .
one cubic spline segment. It
can be generalized for any

Pn1 two adjacent spline
segments of a spline curve
v Pn1 that are to fit a given number
i\ of data points. This

introduces the problem of
blending or joining cubic
spline segments which can
be stated as follows. Given
a set of n points P,

P,....P,.4and the end
tangent vectors P'y, P', 4

Z connect the points with a
cubic spline curve.
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Thus, the geometric information of a cubic spline database consists of the set of the data
points (Py, P4, Py, P, ... P,4) and the two end tangent vectors (P, P' ).

Interpolation Curve:

If we have m-1 segments on cubic spline defined by P, . .. P, 4 points.

a) if the end point tangents are known
b) and the second derivatives at P, . . . P, ; end points are equal to 0,

this curve is named as Natural Cubic Spline.
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SAMPLE PROBLEM: Calculate the P, and P, tangent vectors of the curve

defined by the following interpolation points.
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Bezier Curve by using Hermite curve
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curve parameters and indexes : n:=10 i=0.n u = — m:=3 j:=0..m
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Binom Representation of Bezier Curve :
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Bernstien Polynomials as
blending functions

o n! . _ T N
L, i) = —i!-(n my B(i,n,u) := C(n,i)-u-(1 —u)

n — -
xw:=3" _(P<0>)i-B(i,n,u)_ X, = x(ui) XX, = X
i=0
y(u) = Zn: :(P<1>)i-B(i,n,u): Y, = y(ui) YY =Y,
i=0
n — <2> -
z(u) = Z _(P )i~B(i,n,u)_
i=0
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B(0,3,u) > ~(u— 1)°
B(1,3,u) - 3-u-(u— 1)
B(2,3,u) > ~3-u>(u— 1)

B(3,3,u) > u3
p(u) := pB(0,3,u) + p-B(1,3,u) + p,-B(2,3,u) + p;-B(3,3,u)

p(u) := p0~(1 - u)3 + p1-3-u~(1 - u)2 + p2~3'u2~(1 —u) + pyu

BEZIER CURVE : r:=0.2 P:=0 t:=10 n=>35 i=0.n u:=20
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T
1 T T T T ] A?,) = U:(pi) } 0
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b 0’5’“5)0 ok /] X
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""" ! 3 7 16
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/ p 512 6 4| 04
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B(4.5.u,)047 A AT 512 6 6| 06
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simplify
us B(0,n,u) Ssutov o0l s 10— 5w
collect,u
simplify
B(li]"u)
collect,u

B(0,3,u) = ~(u— 1)°




n
FIOEDY
i=0
n
y(u) = Z
i=0
n
Z(u) = Z
i=0
B(0,5,u) -
4 B0,5,u)
du
d2
du2

_(P<O>)i-B(i,n, u):

_(P<1>)i-B(i,n,u):

:(P<2> )i~B(i,n,u)_

“w-1)’

S su-nt

B(0,5,u) — —20-(u — 1)°

n
Z B(i,n, (
i=0

p(u) := Z (B(i,n,u)-Pi>

Rational Bezier Curve Equation:

i=0

h:=

W = =

1
1

6-u3 + 12-u-(u - l)2 - 12-u2-(u -1)—-6-(u-—- 1)3

p(u) —

12-u-(u — 1)2 - 12-u2-(u -1)

polinom curve points :

x:=0,0.1..
M

/IlMI
Y= Ag+ ApPX + A2~(X.)2 + A3-(Xi)3

1.6
3.6
5.0

(98]

5

3.0
2.6
5.6
9.0

2 3
(X) = A0 + A1~x + Az-x + A3-x

n

P, () = Z (Xi~B(i,n,u)>
i=0

1

0 Xo)3

N

w

N

X

(%)

() (%)
% (%) (%)
s ()7 (%)

PP:=P
Py
1 P
10 P2
P
54 3
Py
P:=
Ps
P
Py
Pg
P
(X,Y,Z) ?
n
Z (B(l,n,u)~hi'Pi>
i=0
pR(w) =
n
z (B(i,n,u)-hi>
i=0
take the value
saved in variable
P:= PP
_ _ ]
=0..m u:=20 u, = —
MM m
3
_1 -1.273
A=M 'Y =
Y 0.708
-0.043

2 3 i
p(w) = Ay + Aju+ Ayu + Au N = Z (Ai~X)

n

Py(u) = Z (Yi~B(i,n,u)>

i=0



interpolation with three cubic b-spline curve :

yl(x) = 0.1396~x3 - 0.6074-x + 3

Composite Curves

xl = XO’XO + 0.1 ..X1

y2(x) = —0.0763~x3 + 1.0362~x2 —2.2651-x +3.8842 x2:= Xl’Xl + 0.1 ..X2

y3(x) = —0.0506~x3 + 0.7591~x2 - 1.2677-x + 2.6871 x3:= XZ’X2 + 0.1 ..X3

10 T T
Y; CO (point) continuity: plA
000
y(x) 8 1
- A
Py(uj) C' (tangent) continuity: P
yl(x1) OF i A
P1
¥2(x2)
y3(x3) 4 T
C2 (curvature) continuity:
2 1 1
A B
0 2 4 6 p" =g
Xi,x,PX(uj),xl,x2,x3
uA uB
P =apg dx
uuA _ uuB d2
] =b-p
dx
natural cubic spline interpolation :
34(X, - X)) 3-(Y, - Y,)]
oo (X1 = Xo) 3(Y1 = Yy)
1410 3'(X2_Xo) 3'(Y2_Y0) 1
M := PP = PT:=M -PP
0141 3-(X3—X1) 3~(Y3—Y1)
1.453 -1.28
0012 3(Xy = Xy) 3(Y;- V)
= - PT 1.893 1.36
11773 3.64
1.213 3.28
2 =21 1
-3 3 2 -1
U(u) = (u3 u2 u 1) MH =
0O 0 1 0
1 0 0 O

B

=p0

B

=p0

= a.p()

save the
values in
variables for

use later
XXX =X

XX

Y(x) = A0 + Alx + A2-(x)° + A3-(x)°

4 vix) > 3-A3x% + 2.A2:x + Al

SSY(x) > 2:A2 + 6:A3:x

take the values
saved in variables

Xx=xxx Y=YYY

0 0 0 O
6 -6 3
-6 6 —4 -2
0 0 1 O

W

- o
o o
o —
o o

N )

M'H =

0 0 0 O
0 0 0 O
12 =12 6 6
-6 6 —4 2

M"H =



X0 Yo
Xl Yl /R/(u) = U(u)'MH'G
S e pr (0
0,0 0,1 xx(u) := U(u)-MH-G XlJ = xx(u
PT, . PT SV,
1,0 1,1 := U(u)-MH-G Y1 =
yy(u) := U(u) Xl = yy(u
XN
G| 2 ©
= 0
= U(u)-MH-G X2.:= .
PT, o PT, xx() = U(u) : XX(u
»
PT) o PT, | yy(w = U(u)-MH-G Y2j = yy(u
X000
X Y
3 3 )
G:= xx(uw) := U(u)-MH-G X3. = xx(u.
PT, . PT i i
2,0 2,1 ()
PT PT yfw) == U(u)-MH-G Y3j = yy(uj
3,0 © 3,1
1
10 T T T 0 I
Y;
f/ 000
Y; J L
oéo 8 /7 y(x) 8
P_lu: //
- _}i(_ .J ) // PY( uj )
Yl 6 ,’, - yl(x1) O]
Y2 ", ¥2(x2)
S/
Yook . - y3(x3) 4f
//// /
Be=="" z
o
) 1 1 1 1 2 1
0 1 2 3 4 5 0 2
X;, Py (), X1,X2,X3
1000
. .. . 1410
cubic spline interpolation : M = P=
01 41
0001
natural cubic spline interpolation :
11 1 -
3.(p, —P 3.(P
2100 37 16 (Pio~P0.0)
1410 512 6 3(Py.0=Po.o) 3
M = = PP =
0141 512 6 3-(P3,0—P1,0) 3-(
0012 512 6 3'(P3 O_PZ 0) 3'(
8 8 10 - ’ ’




xx_ = (r?)

m+i

1.867 5933 22333
2267 6133 0333
1.067 2533 -8.667 -

-0.533 -1.267 4.333

PO,Z

P1,2

PT0,2

PT1,2

1,2

2,2

PT1,2

PT2,2

2,2

3,2

PT2,2

PT

(o

x(u) := U(u)-MH-G
(W) = Ugu)-MH-GY
o)

Zuw) = U(u)-MH-G

() = Utu) MH-G
(W) = U(u)MH-G<1>
o)

4w = U(u)-MH-G

) = Utu) MH-G

(W) = Utu)-MH-GY

W) = Ulu)-MH.G?

~(5)

n-1

YY .
m+i

2 21 1

_03 (3) _12 _01 M(u) = (u3 u2 u 1)
1 0 0 0/ p(w:=UQu)MHG
X = x(y)

<
Il
<
—_—

N
Il
N

—_—

Xm+j = X(uj) XX = xxxx
Ym+j = y(uj) YY = yyyy
Zm+j - Z(uJ.) 77 = 7777
(0
2-m+j = X(Ll] 3mH (PO )Il—l
2mtj y(uj) i = (P<1>)n_1
.= z(u
2-m+j ( J) Zg.m_,_i - (P<2>)n_1
ZZm+i - (P<2>)n—i

(XX,YY,Z2)

(X,Y,2)



B-Spline Curve

n m
P(u,v)=z Z [Pij-Ni’k(u)-Nj,l(v)]

max
i=0j=0 OSv_vmaX
_ Nkt Nit ke
N, )= (1 ) (a0 —
i+k—1 i i+k i+1
n The computation of N 3
P(u) = P.-N. (u) 0<u<u
Z I: 17k ] max NO,O
i=0 N
0,1
..o=1 if u.<u<u. Nl,O N0,2
i1 i i+l \ N N
N. =0 otherwise / 1,1 \ 0.3
i1 Ny0 Ni2
A N [T N
Properties / 2,1 \ / 1,3
n N N,
3,0 2,2
Partition of unity: Z [Ni,k(u)] =1 ' N / N,
. 3,1 2,3
i=0 N /
4,0
Positivity: N ((w =0
Local support: Ni,k(u) =0 if u= (ui’ui+k+1)
Continuity: N, | (w) s (k-2)times The computation of
b continuously differentiable N0,3 ’ N1,3 ’ N2,3 ’ N3,3
U =0 i<k No.o
J
NO 1
u=j-k+1 f k<j<n Nl,O N0,2
uj=n—k+2 if j>n Nl,l /N0,3
NZ,O /NI,Z \
where / N2,1 \ /N1,3
0<j<n+k N3,0 N2,2
\ N / \ N
and the range of u is 3,1 \ / 2,3
N N
4,0 3,2
0<u<n-k+2 ’ N R N
4,1 3,3
Open B-Spline Curve
/RA::O X=0 Y=0 Z=0 u:=20 AI,\VIV::O r=0.2 P=0 L= 19
n:=5 ks=3 ki=ks m:=n-k+2 i=0.n j:=0.n+ks kk:=2.k
M\ MW
P P . S-m
A%.::lf(J <k,0,ifG <n,j —k+ 1,n—-k + 2)) s=0..t uu = —
t



1 3 5 3 0 0 0
Ro=| 1] p =17 py=|12 pyi=| 12 0 0.211 !
1 10 6 6 11 1 0 0.421 2
37 10 1 0.632 3
7 8 g 4
| . . T}r , 512 6 2 0.842 -

Py = 12 Py = 8 /\I/)\/i,r'_ (pi) 0.0 1512 6 3 1.053
6 4 ’ °
26 4 1.263 =
s 8 4 4 1474 -

4 1.684
9

] . 1.895
| | . Ns(i, k - l,v)~(ui+k_1 - ui) 2.105 10
Ns(i,k,v) := if| k = 1,1f(uiSvSui+1,l,0),(v—u.)- S 5316 11
(‘fi+k—1 N “i) 2.526 12
Ns(i + 1,k — I,V)'(qu - “i+1) 2.737 13

+(|u. - Vi
( i+k ) 2 2.947 b
I (ui+k - “i+1) ]

CALCULATION OF CURVE POINTS

5
Z Ns(i,k,uus) = ZNS(i’k’uus) =

n
. i=0 i
K=0 x(u):= Z [(P<0>)i.Ns(1,k,u)J Agv(g = x(uus) p p
i=0 y y
n
FELINOEDY [(P<1>)i-Ns(i,k,u)J X = y(uus) 1 1
i=0 1 1
n 1 1
L=0  Z(u):= Z |:(P<2>)i.Ns(i,k,u)J NZVg = Z(uus) 1 1
i=0
Ns(O,k,uuS) = _ uJ = uu = o=
1 0 0 0 0
0.623 1 0 0.211 1
0.335 2 0 0.421 2
0.136 3 1 0.632 3
0.025 4 2 0.842 4
0 5 3 1.053 5
0 6 4 1.263 6
0 7 4 1.474 7
0 8 4 1.684 8
0 1.895 9
0 2.105 10
0 2.316 11
0 2.526 12
0 2.737 13
uug
0 2.947 14




Ns(O,S uus) I’— \\\ /\\ :/
NS( 1 N 5 uus) I'I \\\/ \/ \
""" 0.4 / A LS
(2,5, ) S\ N Vo
Ns(3 .5, uus) ,’I \‘\ ,/ \ !
VAR
& Ns(4, 5 uus) | 1 / A ) \
8 —— NS(5 5 uus)o 2 ’I” / ,/ \\\\
_____ ) / '
/ / / \\
/I \\\
0 | L L
0 1 2 3
uug

(X.Y.2). (P<0>’P<1>’P<2>)

CALCULATION OF CURVE POINTS

B-Spline

x.y.2). (P<0>,P<l>,P<2>)



0.6 T

Ns(O,S,uus

)

)
Ns(2,5,uus)04

)

)05

)

CONVERSION BETWEEN REPRESENTATIONS :

Hermite
2 =21 1
) -3 3 2 -1
MEZ o 0 1
1 0 0 O

p(u) = UMpV

-3 00 O
1 010
HtoB = —-
310 30 -1
0 300
-3 6 -7 =2
1 6 -3 2 1
HtoBS :=
-3 6 -1 =2
6 -3 2 7

Cubic Bezier representation
-6 0 01
-3 4 01
3 401
6 0 01
. T
p:=(pg P; Py P3)

p(u) := p0~(1 - u)3 + p1-3-u~(1

oy = 4
p'(w): dup(u)

Bezier

BtoH :

BtoBS :

-1 3 3
3 -6 3

-3 3 0
1 0 0

1 00

0 0 0
-3 3 0

0 0 -3

6 -7 2

0 2
0 -1
0 2

-1
2
-7

/R/(u) = UMBPB

0
1
0
3

0
0
0
6

[ =

BStoH :=

BStoB =

Conversion to B-Spline representation

VS = BtoBS-P

- u)2 + p2~3-u2~(1

p'(0) > 3-p; = 3-pg

p'(1) > 3-p3 - 3-pp

Vg =

-9

9
9

-9 36 0 1
12 01

-12 0 1

3
—u) + pyu

36 01

1 4 10
0 1 41
-3 0 30
0 303

1410
0420
0240
0141

[ R =

uu



2 2 1 -1 3 31
v 3 3 -2 -1 3 6 3 0
H B 0 0 0 33 0 0
1 0 0 0 1 0 0 0
_ _ BtoH
Hermite <--- Bezier Py Py Lo
V=My MpPs V: g V: g My LM 0
=My -MgFg V=1 = H Mp=
Py 3-(Py ~ Po) -3 3
1 . 0 0
BtoH := My Mg Py 3:(P3 - Py)
1
-1 3 31 2 2 1 1
VIR 3 6 3 0 3 3 -2 -1
B H 3 3 0 0 0 1 0
1 0 0 0 1 0 0 0
HtoB
Bezier <—-- Hermite p Po 10
3
Py + —-P' 10
1 P 0 0
= M- 2 3 _
P=Mp -MpgV P:= P= Mp 1'MH_
P 1
1 L ] 01
-1 3
HioB:= Mp M 1)
NAWWW B H
P 01
13 o3 1) ! -1
VIR 3 6 3 0 113
B S 33 00| 6]|-3
1 0 0 0 1
13 3 1Y g
Y 613 =6 3 0 3
S B 30 3 0 3
1 4 1 0 1
U-Mp-Pg = UMgPq BS(OB
Mp-Pg = Mg-Pg 1410
p Mn 'MoPe P 1042013 Pq = Mo ' -Mg-P
B=Mp S BT o 24 0S8 s = Mg BB
01 41

100 0
000 1
133 0 0
0 0 -3 3

0 0 F3

01P::P2

0 0 P,

33 P
3000
3010 |1
“lo3o 1|3
0300

0 0 P

1, ’

3 V::PI

o L Po

oo3 "1
3 3 1) (1410

63 0| 0420/
0 30| |0240]6
4 10) \o141
3 3 1) (6 -7 2 0

63 0| |02 10
3 00| |0-12 0
0 00/ \02 76
p(u) := U-B-P
BtoBS
6 -7 2 0
02 -10

STl 12 of'B
02 76



2 21 1 13 31 1 4 1
_1 3 3 2 -1 113 =6 3 0 0 1 4
My Mg —. =
0 0 1 0 6|-3 0 3 0 3 0 3
1 0 0 0 1 4 1 0 0 -3 0
03 3 Y2 21 -3 6 -7 =2
_1 613 -6 3 0 3 3 2 -1 6 -3 2 1
Mg My —. . = .
1|3 0 3 0 0 0 1 0 3 6 -1 =2
1 4 1 0 1 0 0 0 6 -3 2 7
BStoH 1 4 10 HtoBS 3 6 -7 2
VeMy "MePe ve=i]? ! Pe Pom M 'Myv pe=i)f T 21
H sPs 15 o S s = Mg H ST31 5 6 -1
0 303 6 3 2 7

Power Basis Form of a Curve k=010 u =~ X=0
A k™ 10
Y:=0
x(1) 0,1 1,1 2,1 B30 1 3 5 8 R 2:=0
C Ay, 8y 5 8y , @ 1 6 8 8 03612
(u) == | y(u) 0,2 “1,2 “2,2 93,2 |= =10 538 9 1= cols(a) — 1
z(u 112 9 10
(u) 3,3 3,3 3,3 33,3 08 8 10 n=3 i=0.n
n:= rows(a) — 1
(u) = ta u+a Cia 0 X RSV,
x(u) := ao,1 al,lu az,lu a3’1u A = x(uk) Xi=a i=0.m
2 3 (2
y(u) = 8y 53 yuta, ;U +ay U /\X‘k:: y(uk) Y= a
_ 2 3 _ _®
z(u) = a0’3+ a1’3'u+a2,3~u +a3,3-u szk.— z(uk) Gi=a

3 Llu) = Z ai-ui)

20

x(u) = Zn: X, ul) Xk = x(uk)
104 i=0
n A
=3 () ey
5 9 i=0
0
1G n ;
15 z(u) = Z (Zi'ul) Zk = Z(uk)
i=0

(X,Y,2)



u
Llu,m) = a<m>- 2
u 304
3
u
20
40 T T T T
104
5 0 0
10
15
0
0 02 04 06 0.8 1
- (X.Y,2)
Horner's Method
for degree = 1: C(u) = a, uta;
for degree = 2: Cfu) = (az LUt m).u +a

for degree = 3:

for degree =n:

Hornerl(a,n,u0,C) C .=

NW

Llu) = I:(a3’m~u + az,m)u + al’m}u +tag

a<a
m« 3
n<«3
u0 « 0.7

C<«a
n,m

5

for ien-1..0

C«Cul+a
n,m

>

C«C

Inverse - Point Solution

a=2 bi=4 g¢:=7

p(u) := a~u3 + b~u2 +cu+d

d=5

u:=203

/\)/(V\:: a31~u3 + a21-u2 + a11~u + aOl

/X/\:: a32~u3 + 322'112 + a12~u + 302

/\%A:: a33~u3 + 323'112 + 313'l,l + 303

5

C(u) = I:(an’mu + an—l,m>'u + an_z’m]'u +1 4+ aO,m

C=12533
uu u=u 331 332 333 2 4 1
a1 3 43 4 8 5
all 312 3.13 8 3 2
12 2 4
201 302 203
a31
X
) 91
pw=|ly|=\lu u u 1)
a
z 11
a01
x = 14814 y=3.728 z=15.077 =uu

u:
M
u:

u

a33
a3
a13

403



x ;= 14.814 N 3.728 7 := 5.077
MA M
Given
_ 3 2
x—a31~u +a21'u +a11-u+a01
3 2
y= 8,32'11 + azz'u + alz-u + 302

zZ= 8,33'113 + a23~u2 + 8,13'11 + 303

u := Find(u) — 0.3 u=03
u:=0.3 n:= 10 i=0.n u = uuu u:=u
M\ M\
11 1
1 3 5 8 36 D2
T T T _ T
po=|1|pp:=] 6| pp=|8|p3:=]| 38 P:= stack(po P »P2 ,p3) “ls g 9
1 12 9 10
8 8 10
3 2 2 3
R(w) =pg(1-u)y +p-3-u(l —u) +py3u-(l —u)+p3zu u = uuu u:=u
3
X u 6+l X X 2.827
y = p simplify > | 3 _ 9.2+ 15u+1 y =1 y |=]4.717
z z 7.606

180 — 42u” + 33w + 1
Given
X = u3 +6u+1
y=u3—9'u2+ 15u+1

z= 18'u3 - 42~u2 +33u+1

u := Find(u) — 0.3 u=0.3

3
u u3 -1

2.827 1 0 6 1 1 0 6 1 2.827
2 u2

4717 |=({1 -9 15 1 ||Uu =1 -9 151 - 4.717

u

7.606 18 —42 33 1 u . 18 —42 33 1 7.606
1
u:=uuu u:=u x = 2.827

x=u3+6'u+1

/9/(u):=u3+6'u+l—x

—-1.827
6 —0.15 — 2.4631
v = p(u) coeffs,u — 0 rx = polyroots(v) rx =| —0.15 + 2.4631
0.3

1

R(w) = u3— 9'u2+ I5u+1-y



=3.717

0.3
15
v := p(u) coeffs,u — 9 ry := polyroots(v) ry =| 1.794
6.906
1
3 2
pw) = 18u" —42-u +33u+1-z
—6.606
0.3
33 )
v := p(u) coeffs,u — 0 rz := polyroots(v) rz=| 1.017 — 0.4361
1.017 + 0.436i
18
u= |u<«20
j<0

while u=0Aj<2

i< 0

while u=0Ai<2

u<—1f(rxj =ryi,ryi,0>

k<0

v« 0

while (u#0) A (v=0) A (k<2)
V<—1f(rxj =rzk,rzk,0>

ke<k+1
i—i+1
u<«v
jej+1
u
; con ¢ T
Inverse-Point Solution : u=uu  u=u 2= (Po P1 P2 P3)
3 2 2 3 , d
p(u) := po-(l -u) + p1-3-u~(1 -u) + p2~3-u (1 -v) + pyu p'(u) ;== —p(u)
du
Control Points :
. 1 7 2 8 2
. i
n=10 1:=0.n u1:; po=11 pp:=16 py=| 4| p3i=| 8 q=| 4
6 4 19 10 19
P:= stack(pOT,plT,pzT,p3T) Px = P<0> Py = P<1> Pz = P<2>
u:=uu u

P(u) := pg-(1 - u)3 +pr3u(l - u)2 + p2-3-u2-(1 —u) + p3~u3

8~u3 + 21-u-(u — 1)2 - 6-u2-(u -1 -(u- 1)3
P(u) —> 3 2 2 3
(u) 8u” + 18u(u— 1) - 120" (u—-1)—(u-1)

10~u3 + 12-u-(u - 1)2 - 57~u2~(u -1)—-6-(u-— 1)3

Pu) = -3-py-(1 - u)2 +3p-(1- u)2 = 6pru(l —u)+6:pyu(l—u)-— 3-p2~u2 + 3~p3-u2



= il X P(ui)o X = P(ui)l Zn= P(ui)z u:= 0.71932

' T
|;Eu;|j } X:= PP'(u)<0> Y = PP'(u)<1> Z:= PP'(u)<2>
u

5.061 2
P(u) =| 5.762 q=1| 4
\ 12.813 19

(P(u) — q)-P'(u) = 0.000214

104
g
3 u:=uuu u:=u u=ua erase u
54 parameter
for symbolic
(P(u) — q)-P'(u) =0 calculation.

(X7y’z)’(X7Y7Z)7(PX’Py7PZ)

PP(u) = stack{qT,P(u)T,(P(u) + 3.

257

u:= (P(u) — q)-P'(u) = 0 solve,u — Union{Union{lmageSetliV4-i + x,x,intersem{]R,RootOf|:zl5 + 214-(V4~i Y





