Discrete Mathematics
Algebraic Structures

H. Turgut Uyar  Aysegiil Gencata Yayimh  Emre Harmanci

2001-2016

License

@w (© 2001-2016 T. Uyar, A. Yayimh, E. Harmanci

You are free to:

» Share — copy and redistribute the material in any medium or format
» Adapt — remix, transform, and build upon the material
Under the following terms:
» Attribution — You must give appropriate credit, provide a link to the license,
and indicate if changes were made.
» NonCommercial — You may not use the material for commercial purposes.
» ShareAlike — If you remix, transform, or build upon the material, you must
distribute your contributions under the same license as the original.
For more information:
https://creativecommons.org/licenses/by-nc-sa/4.0/
Read the full license:
https://creativecommons.org/licenses/by-nc-sa/4.0/legalcode

Topics

Algebraic Structures
Introduction
Algebraic Families
Groups

Lattices
Partially Ordered Sets
Lattices
Boolean Algebra

Algebraic Structures

» algebraic structure: <set, operations, constants>

> carrier set
» operations: binary, unary

> constants: identity, zero




Operations

> every operation is a function

» binary operation:
0:5x5—-T

> unary operation:
A:S—T

» closed: TC S

example

» subtraction is closed on Z

> subtraction is not closed on ZT
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Constants

Definition

identity: 1

xol=1lox=x
> left identity: 1, 0x = x
> right identity: xo 1, = x

Definition
zero: 0
xo00=00x=0

> left zero: 0jox =0

> right zero: xo00, =0
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Examples of Constants

> identity for < N, max > is 0
» zero for <N, min > is 0

» zero for < ZT, min > is 1
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Examples of Constants
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> b is a left identity
» a and b are right zeros
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Constants Inverse

Theorem Theorem > Xoy= 1: _
x is a left inverse of y
AT, =1, =1, 30,430, = 0, = 0, y is a right inverse of x
» xoy=yox=1:
Proof. Proof. x is an inverse of y
1,01, =1,=1, J 0,00,=0,=0, O] y is an inverse of x
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Inverse Algebraic Families
Theorem

o associative

wox=xoy=1=w= . . .
4 Y » algebraic family: structure and axioms

> axioms: associativity, commutativity, inverses, ...

Proof.

w = wol
= wo(xoy)
— (wox)oy =
= ]_oy
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Algebraic Family Examples

> axioms:

> Xoy=yox

> (xoy)oz=xo(yoz)

» xol =x

» structures for which these axioms hold:
> < 7Z,4,0 >

> <7Z,-,1>

> < P(S),U,0 >
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Subalgebra

» A=< S50,Ak >
A =< S o A K >

v

A’ is a subalgebra of A:

s'cs

k' =k

Va,be S ao’b=aobe§
Vae S ANa=Nac¥

vV v.v Yy
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Subalgebra Examples

» < Z*,+,0 > is a subalgebra of < Z,+,0 >
» < N,—,0 > is not a subalgebra of < Z,—,0 >

15/71

Semigroups

Definition
semigroup: < S,0 >
» Va,b,c€ S (aob)oc=ao(boc)
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Semigroup Example

> <Y & >

» Y: alphabet, ¥ *: strings of length at least 1

> &: string concatenation
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Monoids

Definition

monoid: < 5,0,1 >
> Va,b,ce S (aob)oc=ao(boc)
» VacSaol=1loa=a
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Monoid Example

v

<Y* &, e>

v

> alphabet, X*: strings of any length

v

&: string concatenation

v

€. empty string
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Groups

Definition

group: < S,0,1 >
» Ya,b,c€ S (aob)oc=ao(boc)
» Vae Saol=1loa=a
»VacS3aleS acal=aloa=1

» Abelian group: Va,b€ S aob=boa
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Group Examples

> < Z,4,0 > is a group

» <Q,-,1>is not a group
» <Q—{0},-,1>is a group
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Group Example

» aob—=a-+

b+ ab

> is < Z,o0 > a group?

> is o associative?

(aob)oc =

(a+b+ab)+c+(a+b+ab)-c
a+b+ab+ c+ac+ bc+ abc
a+ b+ c+ bc+ ab+ ac+ abc
a+(b+c+bc)+a-(b+c+ bc)
ao(boc)

Group Example

> is there an identity element?

ao0=a+0+a-0=a

> does every element have an inverse?

aoa’l

= at+al+a-al
= a+al-(1+4+a)
= al

-1 doesn’t have an inverse, not a group
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Group Example

» permutation:

> A:{al,ag,..

- Perm

yan}

¢

utations

a bijective function on a set

dal an dn
(a1) p(a2) - p(an)>

» permutation composition: ¢
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Permutation Example

> A={1,2,3}
(123 (123
Pr={1213) P7{132
(123 (123
Ps={213) P72 31
(123 (123
Pp={312) P73 21
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Permutation Composition Example

» A={1,2,3}
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Group Example: Permutations

> permutation composition is associative

> identity permutation: 14
dy a2 ... an
ag ay ... ap

» Perm(A): set of all permutations of the elements of A

» < Perm(A),o,14 > is a group
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Group Example: Permutation

» A={1,2,3,4}

Alla p1 p2 PpP3s ps Ps Pps P7_ Ps Py Piro Pil
111 1 1 1 1 1 2 2 2 2 2 2
21 2 2 3 3 4 4 1 1 3 3 4 4
3| 3 4 2 4 2 3 3 4 1 4 1 3
4| 4 3 4 2 3 2 4 3 4 1 3 1
P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23
1] 3 3 3 3 3 3 4 4 4 4 4 4
211 1 2 2 4 4 1 1 2 2 3 3
3] 2 4 1 4 1 2 2 3 1 3 1 2
41 4 2 4 1 2 1 3 2 3 1 2 1
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Group Example: Permutation

> pg < p12 :1P12<>P8T La:
P12 = Pg ., P8 = P13

> P14 © P14 = 1a:
p1a = Pyg

» G =< {1A>P17- . -7P23}7<>? ]-A > s a group
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Group Example: Permutation

> G =< {1A7P27P67P87P12;P14}7<>7 ]-A >

© H 1a \ p2 \ Pe \ Ps ‘P12‘P14
Ia|l 1a| P2 | P6 | P8 | P12 | P14
P2 || P2 | 1a | ps | P6 | P14 | P12
Pe || P | P12 | 1a [ P1a| p2 | Ps
Ps | ps | P1a| P2 | P12| 1a | po
p12 || P12 | Ps | p1a | la | ps | p2
pia || P1a | Ps | P12 | P2 | Ps | la

» G’ is a subgroup of G
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Cancellation in Groups

Theorem
aoc=boc=a=>b
coa=cob=a=5>b

Proof.
aoc = boc
= (aoc)oc_1 = (boc)oc_1
= ao(cocfl) = bo(cocfl)
= aol = bol
= a = b
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Basic Theorem of Groups

Theorem
The unique solution of the equation ao x = b is:
x=alob

Proof.
aox = b
= alo(aox) = alob
= lox = alob
= x = alob
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Ring

Definition

ring: < S,+,-,0 >
» Va,b,ce S (a+b)+c=a+(b+c¢)
>»VacSa+0=0+a=a
»VaeS3(-a)eSa+(—-a)=(—a)+a=0
» VabecSa+b=b+a
» VYa,b,ce S(a-b)-c=a-(b-¢)
> Va, b,ceS

» a-(b+c)=a-bt+a-c
» (b+c)-ra=b-a+c-a
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Field

Definition

field: < S,+,-,0,1 >
» all properties of a ring
» VabeSa-b=b-a
»VacSa-l=1-a=a
»VacSJdaleSa-al=ala=1
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Partially Ordered Set

Definition

partial order relation:
> reflexive
> anti-symmetric

» transitive

> partially ordered set (poset):
a set with a partial order relation defined on its elements
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Partial Order Examples Partial Order Examples

Example (set of sets, C) Example (Z, <)
» ACA > x < Xx
» ACBABCA=A=8B > x<yAy<x=x=y
» ACBABCC=ACC > x<yANy<z=x<z
37/71 38/71
Partial Order Examples Comparability
Example (Z*, |) » a < b: a precedes b
> x|x » a<XbVb=a: aandb are comparable

> Xy Aylx=x=y
» total order (linear order):

> XYy \Ny|z = X|z .
y Ayl | all elements are comparable with each other
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Comparability Examples

Example
» Z*,|: 3 and 5 are not comparable

» 7Z,<: total order
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Hasse Diagrams

» a < b: a immediately precedes b
—dx a<x=<b

» Hasse diagram:

» draw a line between a and bif a << b
» preceding element is below

Hasse Diagram Examples

Example

{1,2,3,4,6,8,9, 12,18, 24}
the relation |

24

/\

s

\/\/
\/
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Consistent Enumeration

» consistent enumeration:
f:S—N
a=<b=f(a) <f(b)

» there can be more than one consistent enumeration
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Consistent Enumeration Examples

b/a\c
\/A\

> {a|—>5,b|—>3,c|—>47d|—>17e»—>2}

» {ar+——5b—4,cr—3,d—2er— 1}
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Maximal - Minimal Elements

Definition
maximal element: max
Vx € S max <X x = x = max

Definition
minimal element: min
Vx € S x X min= x = min
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Maximal - Minimal Element Examples

A\

o

\/\/
\/

max : 18,24
min: 1
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Bounds

Definition
ACS

M is an upper bound of A:
Vxe Ax=<M

M(A): set of upper bounds of A

sup(A) is the supremum of A:
YM € M(A) sup(A) < M

Definition
ACS

m is a lower bound of A:
Vx e Am=<x
m(A): set of lower bound of A

inf(A) is the infimum of A:
Vm € m(A) m < inf(A)
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Bound Example

Example (factors of 36)
36
/\
12 18
/ \ / \ inf = greatest common divisor
4 6 9 sup = least common multiple
\N/\/

Lattice

Definition
lattice: < L, A,V >
A: meet, V: join
» aAb=bAa
avVb=>bVa
» (aAb)Ac=aAn(bAc)
(avb)Vc=aV(bVc)
» aA(aVb)=a

2 3
\ / av(anb)=a
]
Poset - Lattice Relationship Duality
Definition

» If Pis a poset, then < P, inf, sup > is a lattice.
» aAb=inf(a,b)
» aV b=sup(a,b)

> Every lattice is a poset where these definitions hold.
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dual:
A instead of V, V instead of A

Theorem (Duality Theorem)

Every theorem has a dual theorem in lattices.
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Lattice Theorems

Theorem
aNa=a

Proof.
aNa=aA(aV(aAb))
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Lattice Theorems

Theorem
a=bsaANb=asavb=>b
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Lattice Examples

Example

< P{a,b,c},N,U>

C relation
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Bounded Lattice

Definition
lower bound of lattice L: 0
Vxe L0<x

Theorem
Every finite lattice is bounded.

Definition
upper bound of lattice L: /
VxelLx=<1
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Distributive Lattice

» distributive lattice:
» Va,b,ceLan(bVc)=
» Va,b,celaVv(bAc)=
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Counterexamples

Example

avV(bAnc)=av0=a
(avb)An(avVec)=IANc=c

/.
M
y
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Counterexamples

Example

avV(bAc)=av0=a
(avb)n(ave)=INI=1
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Distributive Lattice

Theorem
A lattice is nondistributive if and only if it has a sublattice
isomorphic to any of these two structures.
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Join Irreducible

Definition
join irreducible element:
a=xVy=a=xVa=y

» atom: a join irreducible element
which immediately succeeds the minimum
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Join Irreducible Example

Example (divisibility relation)
» prime numbers and 1 are join irreducible

» 1 is the minimum, the prime numbers are the atoms

Join lrreducible

Theorem
Every element in a lattice can be written
as the join of join irreducible elements.
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Complement

Definition
a and x are complements:
aAx=0and avVx=1
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Complemented Lattice

Theorem
In a bounded, distributive lattice
the complement is unique, if it exists.

Proof.
aANx=0,avx=1I,aNy=0,avy=1I

x =xV0=xV(aAy)=(xVa)A(xVy)=IN(xVy)
=xVy=yVx=IA(yVx)
=(yVvanr(lyvx)=yv(anx)=yvo=y
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Boolean Algebra

Definition
Boolean algebra:
<B,+,-,%,1,0 >

a+b=b+a
(a+b)+c=a+(b+c)
a+0=a

ata=1

L

—
5]

L L

o

b

=

|

~—

Cuv § o

l o

a-(b-c)
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Boolean Algebra - Lattice Relationship

Definition
A Boolean algebra is a finite, distributive, complemented lattice.
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Duality

Definition

dual:

+ instead of -, - instead of +
0 instead of 1, 1 instead of 0

Example
(I+a)-(b+0)=0b
dual of the theorem:
(0-a)+(b-1)=0b
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Boolean Algebra Examples

Example
B={0,1},+=V,-=A

Example
B = { factors of 70 }, + = lcm, - = ged
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Boolean Algebra Theorems

ata=a a-a=a
a+1l=1 a-0=0
at+(a-b)=a a-(a+b)=a
(a+b)+c=a+(b+c) (a-b)-c=a-(b-c)
a=a

at+b=3a-b a-b=3a+b
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