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Topics Predicates
Predicates
Introduction Definition
Quantifiers predicate: declarative sentence which
Multiple Quantifiers » contains one or more variables, and
» is not a proposition, but
Proofs » becomes a proposition when variables are replaced
Introduction by allowable choices
Direct Proof _ _ _
Proof by Contradiction > set of allowable choices: universe of discourse (U)
Induction
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Sets

Predicate Examples

U=N
p(x): x + 2 is an even integer.
» explicit notation: {a1,az,...,an} > 7Z: integers p(5): F
. | 2 : :
> ac S: ais an element of S N;r natural numbers p8): T
. » 77 positive integers
» a¢ S: aisnot an element of S > Q: rational numbgers —p(x): x + 2 is not an even integer.
> R: real numbers U=N
» C: complex numbers q(x,y): x+y and x — 2y are even integers.
q(11,3): F, q(14,4): T
5/42 6/42
Quantifiers Quantifier Examples
Definition Definition T
existential quantifier: 3 universal quantifier: V o
predicate is true for some values predicate is true for all values > p(x): x>0 > Ix [p(x) A r(x)]
)
P read: there exists » read: for all > q(x):x* =0 > Vx [p(x) = q(x)]
» one and only one: 3! > () (x=4)x+1) =0 > Vx [q(x) = s(x)]
> s(x):x2-3>0 > Vx [r(x) V s(x)]
: . - >
U={x1,%, . X} are the following expressions true? Vx [r(x) = p(x)]
Ix p(x) & p(xa) V p(xe) V-V p(xn)
Vx p(x) < p(x1) A p(x2) A+ A p(xn)
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Negating Quantifiers Negating Quantifiers
> replace ¥V with 3, and 3 with V Theorem
» negate the predicate ~3x plx) & Vx =p(x)
Proof.
-3x p(x) & Vx -p(x)
—3Ix =p(x) < Vx p(x) —3x p(x) & —lp(xa) vV p(x2) V-V p(xa)]
-Vx p(x) < 3x p(x) & 2p(xa) Aop(xe) A A =p(xn)
—Vx =p(x) < 3Ix p(x) & Vx —p(x)
L]
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Predicate Theorems Multiple Quantifiers
> Ix [p(x) V q(x)] & Ix p(x) V Ix q(x) » quantifiers can be combined
> Vx [p(x) A q(x)] & Vx p(x) AVx q(x) > 3x3y p(x,y)
> Vx3y p(x,y)
> 3
P pb) = el > 3xVy p(x,y)
> 3x [p(x) A a(x)] = 3x p(x) A 3x q(x) > WXy plx,y)
> Vx p(x) vV Vx q(x) = Vx [p(x) V q(x)] » order of quantifiers is significant
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Multiple Quantifier Example

U=17
p(x,y) :x+y=17

> Vx3y p(x,y):
for every x there exists a y such that x + y = 17

> JyVx p(x,y):
there exists a y so that for all x, x +y =17

» what changes if f = N?
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Multiple Quantifiers

U, ={1,2} AU, = {A, B}

IxJy p(x,y) < [p(1,A)Vp(L,B)]V[p(2,A)V p(2, B)]
IVy p(x,y) < [p(1,A)Ap(L,B)]V [p(2,A) A p(2,B)]
Vx3dy p(x,y) < [p(1,A)Vp(1, B)]A[p(2,A) Vv p(2, B)]
UxVy p(x,y) < [p(1,A) A p(1, B)] A [p(2,A) A p(2, B)]
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Method of Exhaustion

» examining all possible cases one by one

Theorem
Every even number between 2 and 26 can be written
as the sum of at most 3 square numbers.

Proof.
2=1+1 10 = 9+1 20 = 16+4
4=14 12 = 44444 22 = 0+49+4
6 =4+1+1 14 =9+441 24 = 16+4+4
8 = 4+4 16 = 16 26 = 25+1
18 = 9+9

O
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Universal Specification

Universal Specification (US)
Vx p(x) = p(a)
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Universal Specification Example

All humans are mortal. Socrates is human.
Therefore, Socrates is mortal.

Universal Specification Example

1. Vx [j(x)Vs(x) = —-p(x)] A
» U: all humans . 2. p(m) A
v \% — -
> p(x): x is mortal. x Ux) :((r);)) P 3. j(m)Vvs(m)— —-p(m) US:1
> Vx p(x): All humans are mortal. - —s(m) 4. =(j(m) v s(m)) MT :3,2
» a: Socrates, a € U: Socrates is human. 5. =j(m) A =s(m) /[:M;f
» therefore, p(a): Socrates is mortal. o ~s(m) ndE -5
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Universal Generalization Universal Generalization Example
1. Vx [p(x) = qg(x)] A
Universal Generalization (UG) Wx [p(x) = q(x)] 2. p(c) = q(c) us:1
p(a) for an arbitrarily chosen a = Vx p(x) Vx [g(x) = r(x)] 3. Wx[g(x) = r(x)] A
Vx [p(x) = r(x)] 4. q(c)—=r(c) US:3
5. p(c) — r(c) HS 2,4
6. Vx [p(x) — r(x)] UG:5
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Vacuous Proof

vacuous proof
to prove:  Vx [p(x) — q(x)]

Vacuous Proof Example

Theorem
Vx eN [x <0— /x <0]

show: Vx —p(x) Proof.
Vx e N [x £ 0] 0
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Trivial Proof Trivial Proof Example
trivial f Theorem
rivial proo B >0 250
to prove: Vx [p(x) — q(x)] X [x = x* = 0]
show: Vx q(x) Proof.
L]
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Vx € R [x2 > 0]
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Direct Proof

direct proof
to prove:  Vx [p(x) — q(x)]
show: Vx [p(x) F q(x)]

25/42

Direct Proof Example

Theorem

VaceZ[3](a—2)—3](a®—1)]

x|y:ymodx=0

Proof.

» assume: 3 | (a—2)
= JkeZla—2=3kK]|
= a+l1=a-24+3=3k+3=3(k+1)
= 2-1=(a+1)(a—1)=3(k+1)(a—1)
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Indirect Proof

indirect proof
to prove:  Vx [p(x) — q(x)]
show: Vx [-q(x) F =p(x)]
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Indirect Proof Example

Theorem
Vx,y e N[x-y >25— (x>5)V(y >5)]

Proof.

» assume: —((x >5) V (y >5))
= (0<x<5)A(0<y<5h)
= x-y<5b.-5=25
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Indirect Proof Example

Theorem
Va,beN
JkeN[ab=2k] = (Ji € N[a=2i])V (I €N [b=2j])
Proof.

» assume: (—3i € N [a=2i]) A (—3j € N [b=2j])

= (IxeN[a=2x+1])A(By eN[b=2y+1])

ab=(2x+1)(2y +1)
ab=4xy +2x+2y+1
ab=22xy +x+y)+1
~(3k € N [ab = 2k])

O
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Proof by Contradiction

proof by contradiction
to prove: P
show: -PFQAN-Q
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Proof by Contradiction Example

Theorem
There is no largest prime number.

Proof.
» assume: There is a largest prime number.
» Q: The largest prime number is s.
» prime numbers: 2,3,57,11,....s
> letz=2-3-5-7-11---5+1
» z is not divisible by any prime number in the range [2, s]
1. either z is a prime number (note that z > s): =Q

2. or z is divisible by a prime number t (t > s): =Q
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Proof by Contradiction Example

Theorem
-Ja,bec Zt [V2 = 2]
Proof.
> assume: Ja,b € ZT [V2 = 2]

> Q: gcd(a,b) =1
2

= 2:%
= 2% =2p
= ezt [*=2i]
= FHeZ [a=2]]

P4l

4j2 = 2b?

b* =2/

3k € ZF [b* = 2]
ezt [b=2l

ged(a,b) >2:-Q
L]
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Proof by Contradiction Example

Theorem
09=1
Proof.
» assume: 0.9 <1
> let x = %
> Q:09<x<1
» what digit other than 9 can x contain?

Induction

Definition
S(n): a predicate defined on n € Z*

S(no) A (Vk > ng [S(k) = S(k +1)]) = ¥Yn> ny S(n)

» S(ng): base step
» Vk > ng [S(k) — S(k + 1)]: induction step

]
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Induction Induction Example
Theorem
H H H [] VneZt [14+3+5+---+(2n—1) = n?]
Ny ntl  ng+t2  ng+3 Proof.
- > n=11=12
“‘y > n=k: assume 1 +3+5+ -+ (2k — 1) = k?
kK kel > n=k+1
. B 143454+ (2k—1)+(2k+1)
= k*+2k+1
N, Notl ng#2 ng+3 = (k+ 1)2
]
3642
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Induction Example

Theorem
VneZt,n>4[2" < nl]
Proof.
> n=4:2=16 <24 = 4!
» n = k: assume 2k < k!
> n=k+1:
2kl = 2.2k < 2. kl < (k+1) - k! = (k+1)!

Induction Example

Theorem
VneZt,n>143i,j € N [n=3i+8j]
Proof.

> n=14:14=3-2+8-1

» n=k: assume k = 3/ 4+ 8j

> n=k+1:

> k=3i+8j,j>0=>k+1=k—8+3-3
=k+1=3(/+3)+8(—-1)
» k=3i+8j,j=0,i>5=>k+1=k—-5-3+2-8

H = k+1=3(/—5)+8(+2)
OJ
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Strong Induction Strong Induction Example
Theorem
YneZt,n>2
n can be written as the product of prime numbers.
Proof.
Definition > n=2.2=2
S(no) A (Vk = no [(Vi < k S(i)) = S(k+1)]) = ¥n = no 5(n) » assume that the theorem is true for Vi < k
> n=k+1:
1. if nis prime: n=n
2. if nis not prime: n=u-v
u<k=u=u -u--- where u,u,,...are prime
v<k=v=vi-v--- where v, Vv,,... are prime
n=U1-U2'-'V1-V2'-'
L]
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Strong Induction Example

Theorem
VneZ*,n>143i,j € N [n=3i + 8j]
Proof.

» n=14. 14=3-2+4+8-1
n=15:15=3-5+8-0
n=16:16=3-0+8-2

» n < k: assume k = 3/ 4 8j

> n=k+1 k+1=(k—2)+3
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