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Topics Set
Sets
Introduction Definition
Set Operations set: a collection of elements that are
Principle of Inclusion-Exclusion .
> distinct

» unordered

Infinite Sets P non-repeating
Counting Sets
Infinity
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Set Representation

» explicit representation
elements are listed within braces: {a1,az,...,an}

» implicit representation
elements that validate a predicate: {x | x € G, p(x)}

> (): empty set

» ac S: aisan element of S
a¢ S: ais not an element of S

» |S|: number of elements in S (cardinality)

Notation Examples

{x | x€Z%, 20 < x® <100} = {3,4}
{2x -1 | x€Z*, 20 < x3 <100} = {5,7}
{n| neN, 3k eN [n=2k]}

{3,8,2,11,5}
11 € {3,8,2,11,5}
1{3,8,2,11,5}| =5
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Set Dilemma Set Dilemma
» There is a barber who lives in a small town.
He shaves all those men who don't shave themselves. > S: set of sets that are not an element of themselves
He doesn't shave those men who shave themselves. S={A|A¢ A}
Does the barber shave himself? ?
S5es
» yes — but he doesn’t shave men who shave themselves i ) )
o » S S5 — but the predicate is not valid — no
» no — but he shaves all men who don’t shave themselves > 5 ¢S — but the predicate is valid — yes
— yes
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Subset Subset

N AL B
Definition Z
ACB&Vx[xe A— x e B
> set equality: A¢B & -Vx[xeA—xeB]
A=B& (ACB)A(BCA) & Ix o[xe A= x € B
» proper subset: & 3x —[~(x € A)V(x € B)]
ACB«< (ASB)A(A#B) & Ix [(x € A)A—(x € B)]
> VS [DCS] & Ix[(x e A)A(x ¢ B)]
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Power Set Set Operations
I t
Definition compemen

power set P(S): set of all subsets of S, including ) and S A= x| xEA}

intersection

example ANB={x|(xeA)A(x e B)}
P({17273}) = {07 {1}7 {2}7 {3}7 {172}7 {173}7 {273}7 {17273}} | 2 if A n B = @ then A and B are diSjOir‘It
> |S| = n= [P(S)| = 27 union

AUB = {x| (x € A)V (x € B)}
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Set Operations

difference
A-B={x]|(xeAA(x¢B)}
» A-B=ANB

» symmetric difference:
AAB={x|(xe AUB)A(x¢ ANB)}
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Cartesian Product

Cartesian product

AxB=1{(ab)|acA beB}
AxBxCx---xK={(ab,....,k)|acAbeB,....ke K}

> [AxBxCx---xK|=IA-|B]-|C|--|K]
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Cartesian Product Example

A= {ala a2, ds, 34}

B = {b1, by, b3}
Ax B= { (21, bl), (al, bz), (31, b3),
(327 b1)7 (327 b2)7 (327 b3)7
(33,b1), (33"52)’ (33,b3),
(34, b1)> (347 b2)7 (347 b3) }
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Equivalences

Double Complement
A=A

Commutativity
ANB=BnNA

Associativity

(AnB)NC=An(BNCQ)

Idempotence
ANA=A

Inverse
ANA=1(

AUB=BUA

(AUB)UC=AU(BUC()

AUA=A

AUA=U
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Equivalences

DeMorgan's Law

Identity Theorem
ANU=A AUD=A ARB—AUB
Domination Proof
AND=10 AUU=U ANB = {x|x¢ (ANnB)}
Distributivity = {rxe(AnB))}
AN(BUC)=(ANB)U(ANC) AU(BNC)=(AUB)N(AUC) = xl=((x e Ay (x € B))}
= {x|=(x € A)V=(x € B)}
Absorption = {xl(x ¢ A)V(x ¢ B)}
DeMorgan's Laws - ix!foUB}
ANB=AUB AUB=ANB = AUB
L]
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Example Example
Theorem
AN(B—-C)=(AnB)—(ANC()
Proof. Theorem
(ANB)—(ANC) = (ANB)N(ANC)

= (AnB)N(AUCQ) ACB

= ((AnB)NA)U((AnB)NC)) & AUB=B

= Pu((AnB)NC)) & ANB=A

= (AnB)NC < BCA

= AN(BNQ)

= ANn(B-0)
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Example

ACB=AUB=B.
AUB=B&< AUBCBABCAUB

Example

AUB=B=ANB=A
ANB=A<ANBCANACANB

yeA = yeAUB
xeAUB = xeAvxeB
BCAUB ANBCA AUB=B = yeB
ACB = xeB P
— AUBCB = yeAn
= ACANB
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Example Example
ANB=A= BCA. -
BCA=ACBE
zeB = z¢B
= z¢ ANB “(ACB) = 3wweAAw¢B]
ANB=A = z¢ A = dw[wé AAwE B]
= ze€A = —(BCA)
= BCA
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Principle of Inclusion-Exclusion

> |[AUB|=|A|+ |B| —|AN B|
> |AUBUC| = |A|+|B|+|C|—(|JANB|+|ANC|+|BNC|)+|ANBNC]|

Theorem
ALUA U UA | = D A=) |ANA
i ij
—|—Z|A,'ﬂAj ﬂAk|

ij.k
e =1THANAN N A,
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Inclusion-Exclusion Example

» sieve of Eratosthenes
P a method to identify prime numbers

2 3 4 5 6 7 8 9 10 11
18 19 20 21 22 23 24 25 26 27

2 3 5 7 9 11
19 21 23 25 27

2 3 5 7 11
19 23 25

2 3 5 7 11
19 23

12 13
28 29

13
29

13
29

13
29

14 15
30

15

16

17

17
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Inclusion-Exclusion Example

number of primes between 1 and 100
numbers that are not divisible by 2, 3, 5 and 7

As: set of numbers divisible by 2
As: set of numbers divisible by 3
As: set of numbers divisible by 5

VVYyVYVvY VYV

A7: set of numbers divisible by 7

v

|A2 U A3 U As U Ay
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Inclusion-Exclusion Example

|Az| = |100/2] = 50
|As| = [100/3] = 33
|As| = |100/5] = 20
|A7] = |100/7] = 14

vVvyyVvyy
vVVvYvyVvYvyy

|A2 N As| = [100/6] = 16
|A2 N As| = [100/10] = 10
1A N A7| = |100/14] = 7
|A3 N As| = |100/15] = 6
|A3 N A7| = [100/21] = 4
|As N A7| = |100/35] = 2
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Inclusion-Exclusion Example Inclusion-Exclusion Example

> |A2 N A3 N As| = [100/30] =3 AyUAsUAs UA;| = (50 + 33420+ 14)
> |[A2N A3 A7| = [100/42] =2 (16 + 10 +7 + 6 + 4 + 2)
> [A2NAs N A7| = [100/70] =1 + (342+1+0)
> |A3N As N A7 = [100/105] = 0 (0)
> |A> N A3N As N A7| = [100/210] =0 = 78
» number of primes: (100 —78) +4 —1=25
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Subset Cardinality Counting Sets
> AC B=|A| < |B]|
> not necessarily true for infinite sets > to compare |S1| and |Sy|, pair off elements of S; and S,
» if all elements can be paired, then |S1| = |S;|
example
ZT CN |Z*| = |N|
but Zt¥ 1 2 3 4 5 6 7
N 01 2 3 4 5 6
Z*| = |N|

» how can we compare the cardinalities of infinite sets?
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Counting Sets Example

Q| = IN|

1 2 3

4 5

o W N

» pair off row-wise:
1/1—-0 2/1—-1 3/1—2

> pair off diagonally:
1/1-0 2/1—-1 1/2—>2
1/3—-5 4/1—-6 3/2—>7

1T 2/1 3/1 4/1 5/1
1/2 2/2 3/2 4/2 5)2
1/3 2/3 3/3 4/3 5/3
1/4 2/4 3/4 4/4 5/4
1/5 2/5 3/5 4/5 5/5

4/1—-3 5/1—4

3/1-3 2/2—4
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Uncountable Sets

?
IR| = |N]
> {x|xeR, 0<x<1}

P elements represented by non-terminating expansions:

0.49 instead of 0.5

» consider 0.b1byb3 ... where
0.a11a10a813314... — O 1b2 3
0.321322323824 oo =1 3 f Ak 7& 3
0.a31a30a33a332... — 2 by =
0.apiamanzans ... — n—1 > VkeNr#r

» Cantor’s Diagonal Construction

7 ifakk:3
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Infinity References
» |R| is uncountable Reauired reading: Grimaldi
equired reading: Grimaldi
> R > |N] | ¢
» Chapter 3: Set Theory
» (: set of all possible computer programs » 3.1. Sets and Subsets
> P: set of all possible problems > 3.2. Set Operations and the Laws of Set Theory
> |C| = |N| » Chapter 8: The Principle of Inclusion and Exclusion
> |P| = |R| » 8.1. The Principle of Inclusion and Exclusion
» Appendix 3: Countable and Uncountable Sets
» there are problems which cannot be solved using computers
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