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1) Prove each of the Fourier transform properties:
- Linearity property. given f(x), g(x),
FT(af (x)+bg(x)) = aF (o) + bG(w)

- Similarity property: g(x)=f(ax)

(@) ==F©)
-Shift formula: given g(x) = f(x+b)

G(w)=e“F(®)
- Derivative formula:
-If z(t) « X (w), then z(t)e?°! « X (w — wp) for any real wp.
-If x(t) — X(w), then x(t) cos(wgt) — %[X(w + wp) + X (w — wo)].

-Convolution in time-domain
If z(¢) — X (w) and v(t) — V(w), then
z(t) xv(t) — X(w)V(w)

2) Compute the Fourier Transform of the Gaussian function and plot the magnitude and
Power Spectrum.

Fourier Transform--Gaussian

The Fourier fransform of a Gaussian function ¢ ) = 117 s given by

f.,_ l"_‘”- | I:.k} _ j‘n(’—grl- f—].ﬂ':.’i.‘t dx

- fna*f-‘z [cos (2 mkx)—isin(2mkx)] dx

—i

= \Jﬂﬂf"”_ cos(2mkx)dx - iff“‘""_ sin(2mkx)ddx.

The second integrand is odd, so integration over a symmetrical range gives 0.
The value of the first integral is given by Abramowitz and Stequn (1972, p. 302, equation 7.4.6), so
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50 a Gaussian transforms to another Gaussian.



3)

Consider the periodic signal f(t), with period T'= 2 and such that

(a) -
(b) -

(e) -

Z

B\) {Nﬁ’} G’o &

f(t) =12, forte[0,2).

Sketch f(t).

Find the trigonometric Fourier series representation ¢(t) of this sig-
nal.

Sketch the (t) for all values of ¢.
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4) MATLAB assignment

MATLAB guestion: Use MATLAB to check the answers of problem 3

(a) - Plot the truncated Fourier series for ¢t € [—5, 5] using N harmonies.
Attach the plots for the cases N = 4,10 and 100. Comment on the

results.

(b) - What is the value of the truncated Fourier series at the point ¢ = 2
for the values of N in (b). What can you say about that value as N
increases?
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function[xi]l=trigft(t,N)
x1=4/3;
for k=1:N:
xi=xi+4. /(k.*pi)."2.#cos(k.=pi.*t)-4./(k.*pi) . *sin(k.*pi.*t);
end

5)
Consider the signal
z(t) = 2cos(3wt — w/3) — sin(27t) .

(a) - Justify that x(t) is periodic. What is the period T; and fundamental
frequency wg?

(b) - Write the signal as a trigonometric Fourier series. Explicitly compute
the triponometric Fourier coefficients ag and ag, by for k= 1,2,....

(c) - Write z(t) as an exponential Fourier series. W

coetlicients .7

hat are the Fourier
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6) Find the Fourier Transform of following functions and plot the amplitude and phase
. _ =M
spectrums: () x(1)=e

e =0

(b)x(fl={b_‘ o

2 t=0

©) x(f)={‘;f_ .

e, 120



Solution:

(a) e — o as t — —o0 . thus its Fourier transform diverges and its spectrum is not defined.

(0) x(t)=e™.for t=0

X(o)= Iix(r)e'j“dr = J‘: e T gt

o

1 e 1 (0-1)

—(jo+2) , —(Je+2)

100

&0

&0

40

20

Pl
Phase (deg)
(=]

-20

40

-60

-50

o ———
B ———
o

e, t=0
@ x(1)=1°,
e . =<0

0o, . a0 )
X(o)= I_x e'e ™ dt+ | e e dt

tl o
_ 1 E" 2—joht 4 -1 e—[l— Ferle
2—-Jo e 2T O -
=%(1—0]+_—1_(0—1)
2—jo 2+ jo
1 1 4 4
= + —

2 jo 2+ jo 4—(}@)3 T4+’

Consider the following continuous-time periodic signal

taTe 1 <t+Te<1

2(t) = |
0 Otherwise
where £ 1s any integer.

a. What is the fundamental period of this signal.
T="17

b. Does the signal have even or odd symmetry?
Yes, the signal is odd.

c. Plot four fundamental periods of the signal.
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_1 - |
-10 =5
Time (3)

d. Solve for the Fourier series coefficients. Simplify your expression as much as possible

Hint: [te? dt = Le(at — 1) + C.

X[k :% [ (t)e T dt
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= T(kw)? [e M (—jhw — 1) — ™ (jkw — 1)]
= o [k (4 o) o ()]
— ﬁ [—72kw cos(kw) + 72 sin(kw)]
B j2kw cos(kw) — 72 sin(kw)

T(kw)?
- j?k%l {:{Jsﬂﬂ'%l) — 72 sin{k%—"r-r}
- T(kF)?

 jArk cos(kZ) — 2T sin(k3F)
B (27k)?




e.

Plot the real and imaginary parts of the Fourier series coefficients X |[k].
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f. Plot the magnitude and phase of the Fourier series coefficients X [k].

o3

h.

X || (degrees)

g
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Frequency Index (k)

What type of symmetry do the coefficients have?
Complex conjugate symmetry: X|[—k|] = X*[k]. In this case the coefficients are imagi-
nary, so they also have odd symmetry: X[—k] = —X[k].

What iz the fundamental period of the coeflicients?
The coefficients are not periodic and do not have a fundamental period.

Plot the real and imaginary parts of the CT complex sinusoids that comprise the
continuous-time signal for k = —5 to & = 5.
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j. Plot the partial sums of the analysis equation,

of the CT complex sinusoids that comprise the continuous-time signal for K = 1,2,3, 4.5
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. Plot the mean square error of the partial sums for K =0,...,

100.
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l. How do the partial sums of the complex sinusoids compare to the original signal?
They are approrimations of the original signal. The approxrimations with a greater
number of terms are more accurate.

m. In the hmit, does the following equality hold?

No. This signal contains a discontinuity. At the times of the discontinuities the signal
and the Fourier series approrimations will not be equal, in general. However, the mean
square errvor will approach zero as K — oo.

function [1 = CTFourierSeries

% Fundamental period
% Fundamental frequency (rad/sec)
% Time indices

} + tmod.*(tmod<=1); ¥ Signal
kn = -100:-1;
In = (j*d+piskn.*cos(kn*2+*pi/T)-j*2+T+sin(kn*2+pi/T})./ (2*pi=kn)."2;
p = 1:100;

Xp = (jed+piskp.=*cos(Kp*2+pi/T)-j*2+T+3in(kp*2+pi/T)) ./ (2+pixkp)."2;
k = [kn 0 kpl;
X = [Xn 0 Xpl;

L —

% Plot

P

figure

FigureSet(1,5);

h = plotit,x,'b*);

xlim([t(1) tiend)]);

ylim([-1.08 1.08]1);
xlabel('Time (s)’);

', '-depsc?);



b

¥ Plot of the Fourier Series Coefficients (Rectangular

%

form)

figure;

FigureSet(1,B6};

subplot(2,1,1);
h = stem(k,real(X),’'r");
sat(h, 'Marker’,*.");
xlim([k(1)-0.5 k{end)+0.5]);
ylim(1i.06+max (abs(X))=[-1 11);
h = get{gca, 'YLabel’};
set(h, 'Interpreter?®,’LaTeX”);
ylabel(’Real $X[k]%');
box off;
AxisLines;

subplot(2,1,2);
h = stem(k,imag(X),’r");
set(h, 'Marker',’.");
xlim([k({1)-0.5 k{end)+0.5]};
ylim(1.06+max (abs(X))+[-1 11);
h = get(gca, 'YLabel?);
set(h, 'Interpreter’,’LaTel”);
h = get(gca, 'XLabel’);
set(h, 'Interpreter’,’LaTek”);
ylabel(’Imaginary $X[k]$');
xlabel(‘Frequency Index (¥EE}');
box off;
AxislLines;

AxizSet(8);

print (*CTFourierSeries-FourierSeriesRectangular’, *-depsc?);

%

% Plot of the Fourier Series Coefficients (Rectangular form)

p
figure;
FigureSet(1,5};
subplot(2,1,1};
h = stem(k,abs(E},'T"});
set(h, *Marker*’,’.%);
x1lim([k(1)-0.5 k{end)+0.5]};
ylim([0 1.05+max{abs(X))1);
h = getigca, *YLabel®};
set(h, "Interpreter’, *LaTel’);
ylabel (P$1X[k] 18D ;
box off;
Axislines;
subplot(2,1,2});
h = stem(k,angle(X)=180/pi, r’};
set(h, *Marker*,*.%);
x1lim([k(1)-0.5 k{end)+0.5]};
Flim(190+[-1 1]1);
h = getigca,’YLabel’};
set(h, 'Interpreter’,’LaTek");
h = getigca,'XLabal’);
set(h, *Interpreter’, *LaTeX");
ylabel('$'angle X[k]1% (degrees)’);
xlabel ('Frequency Index ($EE)');
box off;
Axislines;
AxisSet(8);

print {'CTFourierSeries-FourierSaeriesPolar’,’-depsc’);



%
% Plot of the Fourier Series Components
s
figure;
FigonreBet(1.5.8);
cPlots = 1; % Plot counter
8 = zeros({sizeltl); % Memory allocatiomn for the sum
for ci=-5:5,
ik = find(k==cl);
c = E{ik)#*exp(j*cl*omega*t); % Component
5 =8 + ¢}
subplot(5*2+1,2, cPlots);
h = plotit.reallc),’'b"]);
cPlots = cPlots + 1;
xlim{[t(1) t({end)]);
¥lim{1.05#max (abs{X))*[-1 1]};
ylabel{zprintf(’Re. k={d*,cl});
box off;
subplot(5*2+1,2, cPlots);
h = plot(t.imag{c),.'b’);
cPlots = cPlots + 1;
rlim{ [t(1) t(end)]);
¥lim(1i.05#max(abs{X))=[-1 1]};
ylabel{sprintf(*Im. k={d*, c1});
box off;

end
ExrisSet(B);
print('CTFourierSeries-FourierSeriesComponents’, '-depsc’®);

w
% Plot of the Partial Sums
W
figure;

FigureSet(1.5.9);

K =[1,2,3.4.5,25,50,100];

cPlots = 1; % Plot counter
8 = zeros{size(tl); % Memory allocation for the sum
mee = zeros(max(K).1);

for cl=0:max(K),

ip = find(k== c1}; % Index of positive coefficient
in = find({k==-cl); % Index of negative coefficient
c = X{ip)*exp(j*cl*omega*t) + X{in)*exp(-j*cl*omega*t); ¥ Component

8 =8 + C; % Partial sum, k=-cl to cl

mee(cl+l) = mean(abs{x-s)."2);
if any(cil==K),
subplot({length(K),2,cPlots);
h = plot{t,real{s) . "b');
cPlots = cPlots + 1;
rlim{ [5(1) t(end}]);
ylim{[-1.05 1.08]);
ylabel{sprintf('Re. K=¥d?.c1));
box off;
subplot(length(K},2,cPlots);
h = ploti{t,imagi(s).'b');
cPlota = cPlots + 1;
rlimi{ [£(1} t{end}]);
ylim{[-1.05 1.08]);
ylabel{sprintf{*Im. K=¥d’.c1));
box off;
end
end
AxizSet(8);
priot('CTFourierSeries-PartialSoms’, '-depsc’);



& Plot of the Mean Sguare Error of the Partial Sums

Sguare Error')

priot('CTFourierSeries-M3E’, '-depsc’)

8)

Transform examples. Find the Fourier transforms of the following signals. Which
of these signals have Fourier transforms that converge? Which of these signals have Fourier
transforms that are real? imaginary?

a. z(t) = cos(1000¢).
b. z(t) = 34(t).

c. z(t) = 13cos(100t) — 7 sin(500¢)

(1 -50<t=50
d. x®)= {C- otherwise

(a)

I[f-]l — % [ejlmﬂ! + E—leﬂﬂt}

efwot LI, 2mo(w — wy)
ayz1(t) + anza(t) £ 01X (jw) + as Xa(jw)
x(t) L To(w — wp) + T (w + wy)
This CTFT did not converge (the CTFT is infinite at some frequencies). This is

consistent with the knowledge that the signal is a power signal. The signal is even, so
the transform is real.

(b)

X(jw) = f_’-“: x(t)e 7t dt

o0

= / 38(t)e 7t dt

(= &)
— Be—jwﬂ

=3

The CTFT did converge (is finite at all frequencies). The signal is even and the

transform is real.



(c)

cos(100t) £ m6(w — 100) + 76 (w + 100)

sin(500¢) <& jr [5(w + 500) — 8(w + 500)]
X (jw) = 137 [5(w + 100) + 8(w — 100)] — j77 [6(cw + 500) — 6(cw + 500)]

The CTFT did not converge, is not real, and is not imaginary.

(d)

—2j sin(50w)
—jw
_ 2sin(50w)

w

The CTFT did converge and is real. This is consistent with the knowledge that the
signal has finite energy and is even, respectively.



9)

In this problem. we learn how to numerically compute the Fourier series of an arbitrary
periodic signal. Let’s consider the following signal:

x(1)

: /\ - /\ o /-\ e
\/ \"\/' \+\/ (S
To
This signal presents some problems. It is not at all obvious how to describe it. Up to this

time in our study. we needed a mathematical description of a signal so that we can
symbolically compute its Fourier series coefficient:

cp = €1 |-01':. x(r)exp (— jkmﬂr) dt

There is a better way — if we have a set of N samples of the signal taken from one period.
we can estimate ¢ numerically. The larger the N. the better the approximation becomes.

Let’s say. the sampling interval is Tg. We can approximate the signal as a piece-wise flat
function as we have done in class earlier in showing the CT convolution formula.

JAURAES
.\/' A\

x({1)

- A
~/ M

o LT,

VAR Y I VR

The Fourier series coefficient can then be approximated as a sum of the area of rectangles:

1 w1 :
c, = ?DZ"ZO x(nTy) exp(~ jkaonTy )T

1 v (k2w
— a(nde)exp —
v anﬂ (nT) p'a J v |

The last line uses the simple relationship To=NTs (N samples in one period) and mp=
[ k2w
- jT | turns out to be a very

' 4

27/Tp= 21/(NTg). The summation Z;:[: x(nT;)exp

important Fourier representation called Discrete Fourier Transform (DFT), and it can be
efficiently computed using Fast Fourier Transform (FFT). Thus. if x is a N-sample
version of x(t) in MATLAB. we can use the following to compute the Fourier series
coetficient:



>> ¢ = fft(x)/length (N)

As it turns out, only the first half of the vector ¢ represents the first N/2 Fourier series
coefficients of x(t). The remaining half represents a reflected version of the conjugate of
the same set of coefficients which we can ignore.

Okay. 1t’s your turn to do something. Use the above method to find the magnitude and
phase spectrums of the first 64 Fourier series coefficients of the periodic signal x(t). one
period of which 1s described by

() =+1-12 —l<t<l
Here are some hints to get you started. The fundamental period of the signal is 2. Use
N=128 to sample the signal between 0 and 2. To do that. we first define the time
instances to do the sampling:
> n = 0:127
>> Tg = 2/128;
>> €L = Ts*n;
Then. we can do the sampling.
>> X = [sqrt(l-t(1:64).72) sgrt(1-(t(65:128)-2).72)]1; % Can
you explain?
Finally. apply the FFT and use the stem plots to show the magnitude (with command
abs) and phase (with command angle) of the harmonics.

Solution:

MATLARB code:
clear;

close all;
n=0127;

Ts = 2/128;
t=Ts"n;

X = [sqri(1-t(1:64)."2) sqri(1-(t(65:128)-2)."2)];
figure;

plot(t, x);

c = fit(x)/length(n);
figure;

stem(n({1:length{n)/2), abs{c{1:length{n)/2})};
xlabel('k");

ylabel{'Magnitude");

figure;

stem(n(1:length{n)/2), angle{c(1:length(n)/2)});
xlabel('k");

ylabel('Phase");
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10) Starting from the Fourier Series representation, derive Fourier Transform
representation. (Hint: Look through lecture slides).

11) Given that Fourier transform equations are as follows,

F(w)= ]Ef(r)e‘”’dr

1 = .
f()= Y [F(w)e“do

derive the Fourier Transform of following functions by (i) first deriving it from scratch,
that is just by using the above integral equations, and (ii) try deriving it using the known
Fourier transforms of simpler functions, then (iii) plot amplitude and phase spectrums
of the Fourier transforms :

a) 1

b) i(x)

€) ¢t

d) cos(ax)

e) sin(ax)

f) u(z)

2) i d(x —nT)

n=—>Q

h) e Jutgt

i) rect,(t) =u(t+a)—u(t—a)

§) z(t) = triangle(t) = { L= Iil <



