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[Question.1] (70/100 Pnts) A (perfect) dipole p is situated a distance z above an infinite grounded conducting
plane (in the following Figure). The dipole makes an angle θ with the perpendicular to the plane.

Find the torque on p.

Hint-1: Use the image method, sketch the figure.
Hint-2: Remember! the perfect dipole important property to express its electric field.
Hint-3: Express the perfect dipole in the polar coordinate.

Hint-4: Take the direction out of page for torque with −φ̂ (by taking r̂× θ̂ = φ̂).
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Thus a dipole p = qd in a uniform field E experiences a torque

N = p × E. (4.4)

Notice that N is in such a direction as to line p up parallel to E; a polar molecule
that is free to rotate will swing around until it points in the direction of the applied
field.

If the field is nonuniform, so that F+ does not exactly balance F−, there will be
a net force on the dipole, in addition to the torque. Of course, E must change rather
abruptly for there to be significant variation in the space of one molecule, so this
is not ordinarily a major consideration in discussing the behavior of dielectrics.
Nevertheless, the formula for the force on a dipole in a nonuniform field is of
some interest:

F = F+ + F− = q(E+ − E−) = q(�E),

where �E represents the difference between the field at the plus end and the field
at the minus end. Assuming the dipole is very short, we may use Eq. 1.35 to
approximate the small change in Ex :

�Ex ≡ (∇Ex ) · d,

with corresponding formulas for Ey and Ez . More compactly,

�E = (d · ∇)E,

and therefore2

F = (p · ∇)E. (4.5)

For a “perfect” dipole of infinitesimal length, Eq. 4.4 gives the torque about
the center of the dipole even in a nonuniform field; about any other point N =
(p × E) + (r × F).

Problem 4.5 In Fig. 4.6, p1 and p2 are (perfect) dipoles a distance r apart. What is
the torque on p1 due to p2? What is the torque on p2 due to p1? [In each case, I want
the torque on the dipole about its own center. If it bothers you that the answers are
not equal and opposite, see Prob. 4.29.]
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2In the present context, Eq. 4.5 could be written more conveniently as F = ∇(p · E). However, it is
safer to stick with (p · ∇)E, because we will be applying the formula to materials in which the dipole
moment (per unit volume) is itself a function of position and this second expression would imply
(incorrectly) that p too is to be differentiated.

FIG. 1: perfect dipole configuration in the system

[Answer.1] With the help of Hint-1,2,3,4:
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[Not so different from the uniform sphere model of Ex. 4.1 (see Eq. 4.2). Note that this result predicts

4;EOa = !a3 = ! (0.5 X 10-10)3 = 0.09 X 10-30 m3, compared with an experimental value (Table 4.1) of
0.66 x 10-30 m3. Ironically the "classical" formula (Eq. 4.2) is slightly closer to the empirical value.]
Problem 4.3

per) = Ar. Electricfield (by Gauss'sLaw): §E.da = E (471"r2)= -!oQenc = EloJ;Ar471"r2dr, or E =

~ 471"A r4 = Ar2 . This "internal" field balances the external field E when nucleus is "off-center" an amount471"r €o 4 4€0

d: ad2/4€0 = E ~ d = V4€oE/A. So the induced dipole moment is p = ed = 2ev€0/AVE. Evidently

I p is proportional to El/2.1
For Eq. 4.1 to hold in the weak-field limit, E must be proportional to r, for small r, which means that p

must go to a constant (not zero) at the origin: I p(O) :/; 0 I (nor infinite).
Problem 4.4

r Field of q: ~ ~ f. Induced dipole moment of atom: P = a E =. 0 Q A 1I"EO r

q 411"E:r2 r.

Field of this dipole, at location of q (0 = 71",inEq. 3.103): E = _4 1 13( 2aq 2) (to the right).
7I"€0r 471"€or

Force on q due to this field: IF = 2a (-
4

q )2 13 I(attractive).7I"€0 r

Problem 4.5

Field of PI at P2 (0 = 71"/2in Eq. 3.103): E1 = 4 PI 39 (points down).7I"€or

Field of P2 at PI (0 = 71" in Eq. 3.103): E2 = 4 P2 3 (-2f) (points to the right).7I"€or

I 2PIP2 I . .
Torque on PI: N1 = PI X E2 = -4 3 (pomts mto the page).7I"€or

Problem 4.6

(a)

Use image dipole as shown in Fig. (a). Redraw, placing Pi at the origin, Fig. (b).

E-- P (
. - 471"€0(2z)32cosOf+sinO9);

P =pcosOf + psinO9.

10 ~o
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N = P X Ei = 471"€:(2Z )3 [(cos 0 f + sin 09) x (2cos0 f + sin09)]
p2

[
A A

]= 4r.€0(2z)3 cosOsinO4J + 2sinOcosO(- 4J)

p2 sin 0 cos 0 A

= 471"€0(2z)3 (-4J) (out of the page).

(b)
FIG. 2: perfect dipole image configuration in the system

N = p×Eimage , (1)

here, the electric field expression for perfect dipole image and the perfect dipol expression in the polar coordinate are
given, respectively:

Eimage = ke
p

(2z)3
(r̂ 2cosθ + θ̂ sinθ) ,

p = p (r̂ cosθ + θ̂ sinθ) .

By substituting these into eq.(1),

N =
ke p

2

8z3
((r̂× θ̂) cosθ sinθ + (θ̂ × r̂) 2 sinθ cosθ)) ,

∴ N = − φ̂
ke p

2

16z3
sin 2θ . (2)

here we used the trigonometrical identity as 2sinθ cosθ = sin2θ and r̂× θ̂ = φ̂.

The direction of torque is out of the page.
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[Question.2] (30/100 Pnts) A sphere of radius R carries a polarization P(r) = αr, where α is a constant and r is
the vector from the center. Calculate the expressions σb and ρb for the bound charges.

Hint-5: Remember! Divergence operator for spherical coordinates.

[Answer.2] We know that

σb = P · n̂ and ρb = −∇ ·P . (3)

Then for this question, by applying Hint-5 we obtain their values as

σb = α R (r̂ · r̂) and ρb = − 1

r2
∂

∂r
(r2 α r) (r̂ · r̂),

∴ σb = α R and ρb = −3 α . (4)


